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Abstract

For the equilibrium of a frictional labor market to be e�cien t, �rms and workers

must face the socially optimal incentives for entry and hiring decisions. One important

approach to modeling search frictions in decentralized labor markets is competitive

search equilibrium, in which workers direct their search towards wages that �rms commit

to pay them if hired. In an environment in which each �rm wishe s to hire precisely one

worker, it is known that the competitive search equilibrium is e�cient. In this paper, I

show that if �rms wish to employ more than one worker, then hir ing will not generally

be e�cient if �rms can post only a single wage. E�ciency requi res that �rms be able

to commit to hire a �xed number of workers at a given wage, to pay all applicants,

or to make wages contingent on the number of applicants. I show that if �rms post

only a wage, the amount of ine�ciency is highest at intermediate levels of labor market

tightness. E�ciency under wage posting is restored in a dynamic model if the duration

for which �rms commit to posted contracts becomes small. Themodel also provides a

framework for investigating the interaction of wages, labor market conditions, within-

�rm wage policies, and the growth of �rms.
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1 Introduction

Job creation and wages vary systematically across �rms. Forexample, among US manu-

facturing �rms, gross job creation rates are highest at small �rms and at young plants. 1

Wages are positively correlated with establishment size, while faster growing �rms pay

higher wages.2 However, in standard models of frictional labor markets which do not sub-

stantially distinguish between �rms and jobs, such patterns cannot readily be discussed.

In this paper, I study a directed search model of the labor market in which �rms can pro-

ductively employ multiple workers. Adding such a hiring margin provides a framework for

investigating the dynamics of wages and of �rm sizes, and allows a deeper understanding

the e�ects of labor market frictions on the economy.

A major focus of the paper is the question of e�ciency of the decentralized search

equilibrium when �rms face a non-trivial hiring decision, and my results suggest a rein-

terpretation of more familiar e�ciency results. In a simple labor market search economy,

there are three decisions for which private and social incentives must be equal in order for

the equilibrium to be e�cient: the application decision of w orkers and the entry and hiring

decisions of �rms. In the competitive search equilibrium paradigm (Montgomery, 1991;

Peters, 1991; Moen, 1997; Shimer, 1996) job-seekers directtheir search to wages posted

by �rms, and trade o� higher wages with lower probability of e mployment at that wage.

In the standard environment in which �rms wish to hire only on e worker, their decision

about how many workers to hire from their applicant queue is trivial, and e�ciency is en-

sured through the competitive behavior of �rms, together with a zero-pro�t condition to

ensure e�cient entry. This e�ciency result has been shown to be robust under a variety of

extensions of the model.3 The intuition derived from these models is well summarized by

Shimer (2005b), who writes `[i]t is by now well-known that a competitive search equilibrium

maximizes output, essentially by creating a market for job applications.' (p. 43).4

In the presence of anex post hiring margin, however, the contracts that �rms post must

play a dual role. Workers decide where to direct their searchaccording to the expected

return from applying to a particular contract, while once applications are made, a �rm's

1Davis and Haltiwanger (1992); Davis, Haltiwanger, and Schu h (1996).
2Davis and Haltiwanger (1991); Layard, Nickell, and Jackman (1991); Katz and Summers (1989).
3For example, the e�ciency result is robust to allowing ex ante investments (Acemoglu and Shimer,

1999b), to risk aversion of workers (Acemoglu and Shimer, 1999a), and, in a closely related setting, to
allowing �rms and workers to be heterogeneous (Shi, 2001, 2002; Shimer, 2005a).

4There is also an extensive literature on the e�ciency proper ties of decentralized frictional labor markets
in which search is not directed. In general, equilibria in su ch models are not constrained e�cient. The
predominant modeling tradition, following Diamond (1982) , Mortensen (1982), and Pissarides (1984), con-
siders the case where wages are bargained after a meeting between a worker and a �rm has occurred. In this
setting, e�ciency requires a condition on the parameter mea suring the generalized Nash bargaining power
of workers in their wage bargaining with �rms (Hosios, 1990) ; there is no force in the model that suggests
that this condition should hold. In more general settings wi th wage bargaining (for example, with ex ante
investments (Acemoglu, 1996; Masters, 1998; Acemoglu and Shimer, 1999b)), it may be that no equilibrium
allocation with wage bargaining is e�cient. My paper identi �es a di�erent source of ine�ciency in a di�erent
modeling tradition from these papers, since I focus on the hiring margin and not on entry or investment.
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commitments under its posted contract govern its hiring decisions. I show that if �rms

post a wage which they commit to pay all applicants conditional on hiring then the two

roles the wage must play are in con
ict. For the �rm's entry de cision to be e�cient, the

expected valueex ante (that is, before applicant queues are realized) of the �rm's wage

payments, divided by the number of applications it attracts, must equal the marginal social

value of an additional application. For the hiring decision to be e�cient, the wage must

equal the marginal social value of an additional unemployedworker. In general, these two

requirements cannot both be satis�ed.

More generally, whether the decentralized equilibrium is e�cient depends on the types

of contracts to which �rms can commit. There are other contracting environments that can

decentralize the e�cient allocation. If �rms can commit to p ay their workers in such a way

that the marginal cost to the �rm of hiring another worker can be determined separately

from the ex ante value of the `wage lottery' that the worker receives when sheapplies to the

�rm, then the equilibrium will be e�cient. This can be implem ented if the �rm can commit

to a wage schedulef w1; w2; : : :g so that if it decides to hire k of its applicants ex post, then

these workers are paidf w1; w2; : : : ; wkg. Alternatively, if the ex post hiring margin is made

trivial, then e�ciency can also be obtained. This occurs either if the �rm can commit in

advance to how many workers it is willing to hire, or if �rms pa y all applicants directly and

do not pay wages (which are necessarily paid only when an applicant is hired). However,

contracts of this nature have both theoretical and empirical drawbacks.

The gain in e�ciency from more 
exible wage posting contract s motivates study of a

dynamic version of the model. In this setting, �rms gain the 
 exibility to alter the wage

they post as they grow. I show that this is su�cient to restore the e�ciency of simple

contracting environments: as the duration for which �rms commit to a contract becomes

small, the equilibrium under wage posting becomes asymptotically e�cient. This result

suggests that variation in the length of time for which contract o�ers are posted is important

for explaining why di�erent types of contracts are posted in di�erent labor markets. For

example, it may explain why very di�erent contracts are posted in di�erent labor markets,

such as the markets for highly-skilled workers and for day labor.

In the static model, I show that the welfare cost of ine�cienc y under wage posting,

measured as the percentage decrease in welfare relative to the e�cient allocation, is non-

monotonic in the vacancy to unemployment ratio. When the labor market is not tight,

wages tend to be low, which reduces the probability of a �rm receiving an applicant which

it is not willing to hire at its posted wage. When the market is tight, few �rms receive more

than one applicant, which reduces the importance of the hiring margin and its associated

ine�ciency. This means that the ine�ciency is highest at int ermediate levels of labor market

tightness.5

5Labor market tightness is an endogenous variable; however, in equilibrium it decreases with the cost of
entry for �rms, so that the formal statement of the nonmonoto nicity result allows this cost to vary.

2



Finally, the model also provides a framework for investigating the relationship of wages,

�rm size and growth, labor market frictions, and the �rm's pr oduction function. In the

static model, I show that the form taken by labor market frict ions a�ects the optimal �rm

scale: under urn/ball-type frictions, larger �rms can be favored even when the underlying

production function exhibits constant returns to scale. However, if the function relating

the average queue length to the average number of applicantsper �rm exhibits decreasing

returns, this conclusion can be reversed. In the dynamic model, I investigate within-�rm

wage dynamics; in the case when the �rm's production function is concave, I provide con-

ditions that ensure that the posted wage is decreasing in thenumber of the workers already

hired by the �rm, just as the marginal product is. This is desp ite the fact that �rms have

two instruments with which to provide utility to applicants : wages, and the probability of

hiring. In equilibrium, �rms with fewer workers already hir ed choose to pay higher wages

in order to increase their queue lengths; this is optimal because the marginal product of

the workers they hire is higher in expectation. The model provides a framework for further

research into the relationship between within-�rm constraints on wage setting, labor market

frictions, and �rm growth, which is impossible to investiga te in the benchmark model where

the notions of `�rm' and `job' are not distinguished.

Although it has not been the main focus of the literature, a few other authors have

studied models of frictional labor markets in which �rms face a hiring margin. An important

example is Shimer and Wright (2004), who study a static modelin which workers di�er in

their marginal disutility of labor, so that some workers are more willing to supply e�ort

than others. In their model the contracts o�ered in equilibr ium take the form of a posted

wage, together with a posted severance payment, and are therefore reminiscent of the wage

posting contracts I consider. However, the focus of their paper is on characterizing optimal

contracts in the presence of asymmetric information, and not on the hiring ine�ciency I

study: for them, the relevant hiring margin is which workers to hire, and not how many.6

There are a few papers that consider search models in which �rms with concave produc-

tion functions wish to hire multiple workers. In the `islands' model of Lucas and Prescott

(1974), �rms have production functions that are concave in the number of workers employed,

but wages are determined competitively on each island and the friction lies in the move-

ment of workers from island to island in response to shocks, rather than in the allocation of

workers to �rms within an island. Bertola and Caballero (1994) and Bertola and Garibaldi

(2001) consider the pattern of growth of �rms that have a concave production function in

a model where hiring takes time, due to the search process of workers, but is deterministic

at the �rm level. On the positive side, their goal is similar t o mine, but they do not focus

on e�ciency or on the hiring margin; in addition, their model ing framework is di�erent in

that search is not directed and wages are determined by Nash bargaining.

The remainder of the paper is structured as follows. Section2 introduces a static model

6Guerrieri (2006) studies a related model in a dynamic settin g.
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and establishes the basic e�ciency result along with some interesting comparative statics.

Next, in Section 3 I show that the intuitions from the static m odel hold also in a dynamic

setting. Section 4 concludes. All technical proofs are in the Appendix.

2 Static model

2.1 Environment

There is a continuum of mass 1 of workers and a large continuumof �rms. There is an

entry cost of c for �rms to become active and enter the labor market. All acti ve �rms have

access to a production technology that produces a �nal good with labor as the only input;

the production function is denoted x(m), where m is the number of workers employed by

the �rm. I assume that x(�) is nondecreasing and bounded and thatx(0) = 0. There is a

competitive market in the �nal good and its price is normaliz ed to 1.

I shall generally assume that the production function x is concave inm. However, it is

sometimes convenient to consider the case where the production function is a step function;

speci�cally, where

x(m) = xS
n (m) =

8
<

:
n m > n

0 m < n:
(1)

Both these cases are natural economic examples. The case of aproduction function concave

in a single input is standard and does not require motivation. The step function example can

be thought of as modeling a �rm whose technology requires a production plant of �xed size;

this plant requires a certain number of workers to produce, and more workers are useless.

It is a natural generalization of the Leontief technology assumed in matching models where

a �rm wishes to match with a single worker. The parameter n can be thought of as `plant

size'. Note that this functional form exhibits constant ret urns to scale in (n; m).

The economy is subject to a coordination friction in the labor market, which takes the

form of the inability of individual workers to coordinate on applying to di�erent �rms. Each

worker can apply to at most one �rm; because of the coordination friction, there will be

some �rms to which many workers apply and some �rms to which few apply. The only

characteristic of �rms that can be observed by workers is theemployment contracts they

o�er. In other words, �rms post a contract C chosen from some spaceD, and commit to hire

workers and pay them wages as speci�ed in the contract. Workers observe these contracts

and direct their applications to those �rms o�ering a partic ular contract; they are unable

to condition their application decisions on any other information about particular �rms. 7 I

7There are well-known conceptual di�culties with de�ning eq uilibrium concepts in markets with continua
of agents on both sides. It is beyond the scope of this paper tojustify formally the assumptions on the search
and matching technology as the limit of economies with �nite ly many agents on each side of the market.
Peters (1991) provides a justi�cation of the reasonableness of the technology in a similar environment;
however the environment he considers is simpler than that in the current paper, in that agents wish to trade
only a single indivisible unit.
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consider the precise nature of contracts and the commitmentpowers of �rms in Section 2.3.

If a mass ofq workers direct their applications to a unit mass of �rms that post identical

contracts, then for eachm = 0 ; 1; 2; : : :, the mass of �rms who ex post receive applications

from precisely m workers is denotedf (q; m). I assume for simplicity that f (q; m) > 0 for

all q and m, and that f is twice di�erentiable with respect to q. I require that, for each

q > 0, f (q;�) be a probability distribution over N; that is,

1X

m=0

f (q; m) = 1 : (2)

Denote by � (q) the number of workers that succeed in applying to some �rm:

1X

m=0

mf (q; m) = � (q): (3)

I assume that � is continuously di�erentiable, strictly increasing, and w eakly concave, and

that 0 6 � (q) 6 q for all q > 0. If � (q) � q, I say that there are pure coordination frictions .

A canonical example in this case is if all workers submit their applications independently

and are equally likely to submit their application to each �r m; in this case it is well known

that f (q; m) = 1
m! e

� qqm is a Poisson random variable. If� (q) < q for some q then I say

there arematching frictions ; in this case the canonical example isf (q; m) = 1
m! e

� � (q) � (q)m .

Denote byg(q; m) =
P

l> m f (q; l) the probability that a �rm gets at least m applications.

I also assume thatg(q; m) is non-decreasing inq for each m 2 N. This assumption ensures

that the queueing function is well-behaved, in the sense that expected output, de�ned by

 (q) =
1X

m=0

x(m)f (q; m) (4)

is continuous and non-decreasing in the queue lengthq.8

Workers are risk neutral. A worker who is not employed by a �rm receives no wage

payment; the value of leisure is normalized to 0.

An allocation in this economy consists of a tuplefC; �; H ; qg, where

� C � D is the set of contracts o�ered by �rms;

� � 2 B (D) is a measure onD with � (D n C) = 0 such that for each C0 � C , the mass of

�rms o�ering a contract C 2 C0 is given by � (C0);9

� H : N � D � N is the set of hiring decisionh(m; C) of �rms; and

8For a proof, see Lemma A.1 in the Appendix.
9To reduce the notational burden, I have omitted notation for the � -algebra of measurable subsets ofD.

All of the examples I will consider in the sequel are isomorphic to closed subspaces ofRn for some n 2 N; in
this case, I assume that � is a Borel measure.
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� q : D ! R+ is the (� -measurable) function mapping contract o�ers to queues.

Note if C 2 D n C then q(C) is not observed; rather in equilibrium this is the queue length

that a �rm believes that it would attract were it to deviate an d o�er C.

An allocation is feasible if the number of workers required to form the speci�ed queues

does not exceed the population:

Z

D
q(C) d� (C) 6 1: (5)

2.2 The e�cient allocation

I now characterize e�cient allocations in this economy. I assume always that the anonymity

constraints that govern the activities of workers and �rms also apply to the planner; thus

the planner can only direct workers' applications to speci�c contracts and not to speci�c

�rms. However, from the point of view of maximizing total out put, the role of posted

contracts is only to allow workers to direct their search to particular �rms, since output

is not a�ected directly by transfers, and it is always e�cien t for �rms to hire all workers

that apply to them. Therefore it is irrelevant for character izing e�ciency to specify exactly

what wage contracts �rms can post, and so it is su�cient to all ow the planner to divide

�rms into di�erent groups indexed by q such that a massq of workers applies for each unit

mass of �rms indexed by q. The planner chooses the mass� (q) of �rms for each q.10 This

shows that the planner's problem can be characterized as follows.

Proposition 1. The constrained Pareto optimal allocation solves

max
� (�)

Z 1

0

"

� c +
1X

m=0

x(m)f (q; m)

#

d� (q) (6)

subject to Z 1

0
q d� (q) 6 1:

Any optimal � places mass only on the set ofq that solve

max
q> 0

1
q

"

� c +
1X

m=0

x(m)f (q; m)

#

: (7)

The formal proof of this Proposition, and all other technical proofs in the paper, can

be found in the Appendix. The proof uses �rst uses the assumptions made in Section 2.1

about the matching function to restrict � to be supported on a compact set ofq bounded

10 More formally, rather than choosing both the measure � de�ned on the space of contracts D together
with the queueing function q : D ! R+ , it is equivalent to allow the planner to choose the composit ion
q � � directly. By an abuse of notation I denote this in the text als o by � . I note also that the planner can
implement this using symmetric mixed strategies for each worker if desired; thus the anonymity restrictions
on the planner are respected by this formalism.
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away from 0, and then relies on the fact that on this set the maximand in (7) is continuous

so that the maximum is �nite and is attained. Note that (7) is a n expression for social

welfare in the case that the planner chooses the sameq for every �rm.

To characterize the social optimum more precisely, observethat by Proposition 1, there

is a unique optimal value of q if and only if (7) has a unique maximum. The following

Lemma provides conditions under which this is true.

Lemma 1. Suppose that there is ad > 0 such that the expected production function is

convex on[0; d] and concave on[d;1 ). Then there is a uniqueq that solves (7).

The intuition for this result is that if  is concave, then according to Jensen's inequality,

the social planner should choose the sameq for every �rm. If  is convex on [0; d] and

concave on [d;1 ], then it is optimal for the planner to choose the sameq for each �rm for

which q is positive (and zero for other �rms); since it is not optimal to pay the entry cost

c for �rms to which queues of length 0 are assigned, this assumption on  is su�cient to

ensure that all active �rms in the social optimum are assigned the sameq.

It is of interest to de�ne conditions in terms of the primitiv esx and f that ensure that

the function  de�ned in (4) is concave. Two alternative cases for which this is true are

given in the following result.

Example 1. In either of the following cases, at the optimum, all �rms have the same queue

length, q.

(a) x is strictly concave and q 7!
P n

m=0 g(q; m) is strictly concave in q for all n > 1.

(b) x = xS
n is a step function and q 7! g(q; n) is convex in q on some interval [0; d] and

strictly concave in q on [d;1 ).

In the Poisson case, wheref (q; m) = e� � ( q) � (q)m

m! , the condition in (a) is satis�ed; the

condition in (b) is satis�ed if in addition q 7! � (q)
�

1 � � 00(q)
� 0(q)2

�
is nondecreasing inq and

limq!1 � (q) = 1 . The latter two conditions are satis�ed if � (q) � q (that is, in the case

of pure coordination frictions), or if � (q) = 1 � e� q, for example.

Recall that g(q; m) is the probability that a �rm receives at least m workers when its

queue length isq. The conditions on g in Example 1 are `regularity' conditions that require

that as q increases, the distribution of the additional applications occurs in a way that is

not too pathological. For example, it is easy to check that
P n

m=0 g(q; m) is the number of

workers from the massq of applicants that are among the �rst n to arrive at their �rm. 11

When the production function is concave, so that the marginal product of additional workers

is decreasing, the condition in (a) ensures that asq increases, an increasingly larger fraction

of the massq of applicants end up at the less productive jobs. It rules outcases where

11 Formally, there is no notion of `order of arrival of workers' in this static model. It is equivalent, if more
long-winded, to say that this sum represents the number of wo rkers whose marginal product is at least as
high as x(n) � x(n � 1).
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the distribution of applications to �rms is too far from the i ndependence assumption that

underlies the benchmark Poisson case.

2.3 Contracts and equilibrium

I now turn to describing the employment contracts to which �r ms can commit. Recall that

a �rm commits to a contract C and workers direct their search to contracts. After worker

queues are realized, the �rm decides, subject to its commitment to C, how many workers

to hire and what to pay them. However, I have not yet speci�ed what the contract C can

contain, and I now turn to this. In this subsection I allow the �rm to commit essentially to

arbitrary contracts and de�ne competitive search equilibrium. I show that if the contracting

environment is su�ciently rich, in the sense that �rms can co mmit in the contract C to a

su�ciently rich set of payment and hiring behavior as a funct ion of the number of applicants

that show up at its door, then there is a competitive search equilibrium that decentralizes

the e�cient allocation. If the contracting environment is m ore restricted, and the e�cient

allocation cannot be achieved, then in general an equilibrium need not even exist. However,

in Section 2.4, I consider a natural example where the contracting environment is extremely

restricted, in that �rms can commit only to a single wage, and show that a competitive

search equilibrium exists but is not e�cient in general.

The most general contracting environment of interest would allow contracts C that

specify, as a function of the number of applicantsm that arrive at the �rm, commitments

as to how many workers will be hired by the �rm and what payments will be made to workers

and to non-hired applicants. More formally, in the most general contracting environment

of interest, a contract C consists of two functions X : N ! 2N and W : N2 ! R+ , so

that if the realized number of applicants is m, then the �rm commits to hire some number

h 2 X (m) of its m applicants and to pay a total of W (m; h) to the workers it hires.12

Having posted such a contractC, and after the stochastic queueing of workers has been

realized, the �rm attracts exactly m applicants for somem 2 N. Then, according to its

contractual commitments, the �rm chooses h 2 X (m) \ f 0; 1; : : : ; mg to maximize its pro�t

(given by x(h) � W (m; h)). It then makes the payment W (m; h) to its hired workers and

applicants.13

12 Recall that 2 N denotes the power set ofN; that is, the set of all subsets of N.
13 Note that according to the anonymity constraint, all applic ants to a �rm receive in expectation an equal

share of the �rm's payment W (m; h). It follows that formally richer contracts that specify ru les for the
distribution of W (m; h) among the �rm's h hired and m � h non-hired applicants do not a�ect the queueing
behavior of workers in equilibrium, and therefore allowing such contracts does not a�ect welfare ex ante; it
only changes the expected distribution of income across workers, and not the expected level. It is likewise
clear that allowing W (m; h) to be a lottery that depends on a publicly-observable rando m variable also has
no e�ect on equilibrium welfare.

On the other hand, one might think that allowing �rms to make t he payment W depend on the queue
length q that their posted contract C attracts could have an e�ect on the equilibrium (for example , it might
allow coordination that would not otherwise be achievable) . However, I do not consider this case due to
a standard conceptual di�culty with allowing such strategi es. Firms do not directly observe q, although
they can deduce its value in equilibrium. If the �rm's choice of W depends onq, then in e�ect the �rms's
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More generally, it is also interesting and realistic to consider cases where �rms are not

able to commit to such complicated contracts as those mentioned in the previous paragraph.

For example, in Section 2.4, I will consider in detail the case where �rms can post only a

single wage, and commits to paying any workers it hiresw each, without making any

commitment ex ante about how many workers it will hire. In the notation of the pre vious

paragraph, this amounts to the restriction that W (m; h) � wh for some w > 0, while

X (m) = N for all m. I consider some other alternative contracting environments of interest

in Section 2.5.

Having characterized the contracting environment, I can now de�ne competitive search

equilibrium.

De�nition 1. A competitive search equilibrium is a feasible allocationfC; �; H ; qg and a

utility level U that satisfy

(a) Optimal Hiring: for all m 2 N , C 2 D , and h 2 f 0; 1; : : : ; mg \ X (m),

x(h(m; C)) � W (m; h(m; C)) > x(h) � W (m; h); (8a)

(b) Pro�t Maximization and Free Entry: 8C 2 D ,

� c +
1X

m=0

[x(h(m; C)) � W (m; h(m; C))] f (q(C); m) 6 0 (8b)

with equality if C 2 C;

(c) Optimal Application: 8C 2 D , either

q(C) > 0 and
1

q(C)

1X

m=0

W (m; h(m; C)) f (q(C); m) = U (8c)

or

q(C) = 0 and lim sup
q! 0+

1
q

1X

m=0

W (m; h(m; C)) f (q; m) 6 U; (8d)

where

U = max

(

0; sup
C2C j q(C)> 0

1
q(C)

1X

m=0

W (m; h(m; C)) f (q(C); m)

)

: (8e)

Condition (a) of De�nition 1 ensures that after the �rm's que ue of m workers has been

realized, the �rm chooses to hire that number h of them that maximizes pro�ts, subject to

the commitment that it hire some number of workers in the setX (m) and make the payment

W (m; h) speci�ed in the contract. Condition (b) requires that �rms post contracts so as

strategy becomes a function of the (equilibrium) strategie s of other players, which does not make sense in a
simultaneous-move game.

9



to maximize pro�ts, taking into account the queue length a posted contract C will attract

in equilibrium, and allowing for its own ex post hiring behavior, as given by h(m; C).14

The equilibrium is competitive in the sense that the �rm assumes that its own posting of

the contract C does not a�ect the equilibrium relationship between contracts and queue

lengths, q(�). Condition (c) insists that workers only apply to �rms at wh ich their expected

payment is maximized in equilibrium. The form of the de�niti on is analogous to that in

Acemoglu and Shimer (1999a).

Without assuming more structure on the set of contractsD, it is in general not possible

to make any statements about the nature of the equilibrium. Indeed, there need not be an

equilibrium. If there is an equilibrium, it is not in general true that the utility of workers

is maximized subject to the zero-pro�t constraint of �rms, a s is true under wage posting

by Proposition 3 in the next subsection. There can be multiple equilibria, and it is possible

that these can be Pareto-ranked.15 However, if the contracting environment D contains a

contract C � such that for the e�cient queue length q� , the allocation where all �rms post

C � and attract a queue length ofq� decentralizes the e�cient allocation, then this allocatio n

is an equilibrium. This is the substance of the following Proposition.

Proposition 2. Suppose there exists a contractC � 2 D and a queue lengthq� > 0 such

that
14 As already noted, if C is not a contract posted by a positive mass of �rms in equilibr ium, then q(C) is

not observed in equilibrium. Thus, De�nition 1 incorporate s the appropriate notion of subgame perfection
for this environment. To view De�nition 1 as describing a gam e, there is a di�culty that deviations by single
�rms or workers have no e�ect on the payo�s of other agents, si nce the deviating agents have zero mass.
More formally, the equilibrium concept considered here may be viewed as describing the limit of subgame
perfect equilibria in games with successively larger �nite numbers of players; the issues arising are similar
to those considered by Peters (1991).

15 Note that the existence of ine�cient equilibria is sensitiv e to the precise de�nition of the equilibrium
concept. Under the implementation of competitive search equilibrium using market makers (Moen, 1997),
it can be shown that in any equilibrium, any contract posted b y �rms maximizes workers' utility subject to
�rms making zero pro�ts. The intuition for the di�erence is t hat the market-maker can choose the queue
length associated with a contract C, while under the equilibrium concept in De�nition 1, the que ue length
must only satisfy an equation relating the terms of the contr act to equilibrium utility U. If pro�ts are not
monotonically increasing and worker utility is not monoton ically decreasing in the queue length, then the
two de�nitions of competitive search equilibrium are not eq uivalent.

It is possible to construct an example economy in which there are two equilibria, one of which Pareto
dominates the other. There are pure Poisson coordination fr ictions: f (q; m) = e� qqm =m!. The entry cost for
�rms is c = ( e2 � 7)=2 � 0:19. The production function satis�es x(1) = e(c+1 :1) � 3:52, x(2) = e2=2 � 3:69,
and x(m) = x(2) for m > 2. There are precisely two contracts in the set D. The �rst, C1 , is given by
W (m; h) = m and X (m) = f 0g for m = 0 ; 1 and X (m) = f 2g for all m > 2. The second, C2 , is given
by W (m; h) = 1 :1 and X (0) = f 0g for m = 0 and X (m) = f 1g for all m > 1. One can check that a �rm
posting contract C1 and attracting queue length q makes pro�t � c + (1 � e� q � qe� q)x(2) � q, which is
negative for all q 6= 2 and equal to zero for q = 2. Moreover, for any q, the expected payment to applicants
is 1

q

P 1
m =0 mf (q; m) = 1. Also, a �rm posting contract C2 and attracting queue length q makes pro�t

� c + qe� qx(1) � 1:1. This is negative for all q 6= 1 and zero for q = 1. Moreover, the expected payment to
applicants is 1:1=q.

It is now easy to check that there are two equilibria, in one of which only C1 is posted and in the other
of which only C2 is posted. In the �rst equilibrium, the average utility of wo rkers is 1, while in the second
it is 1.1. To check that the equilibrium in which only C1 is posted is an equilibrium, observe by Optimal
Application that in equilibrium, q(C2) = 1 :1, but at this queue length, it is not pro�table for �rms to ent er
and post the contract C2 .

10



(a) for each m 2 N , x(h(m; C � )) = x(m);

(b) q� solves

max
q> 0

1
q

"

� c +
1X

m=0

x(m)f (q; m)

#

;

(c) and �rms make zero pro�t:

� c +
1X

m=0

[x(m) � W (m; m)]f (q� ; m) = 0

Then there is an equilibrium in which all �rms post C � and attract queue lengthq� .

2.4 Wage contracts

I now describe a benchmark contracting environment in which�rms can commit only to

a single wage which they promise to pay any worker that they hire. I focus on these

contracts, which I call wage contractsboth as an interesting benchmark, and for the sake of

concreteness. Wage contracts are also empirically relevant; one often sees job advertisements

that take the form of a commitment to pay an announced wage to any worker hired. In

Section 2.5 I will consider alternative contracting environments.

Under a wage contract, I assume that �rms can commit only to o� er a wage, not to the

number of workers they hire at that wage. (That is, the contracting spaceD is just R+ ,

the set of possible wagesw.) If a �rm receives su�ciently many applications ex post that

the wagew exceeds the marginal product of the last worker, then some ofthe workers who

applied to that �rm will be unemployed. That is, because of th e �rm's commitment to a

wage ex ante, the hiring behavior of the �rm will be ine�cient ex post in the sense that

the �rm would be willing to hire additional workers at a lower wage, and they would be

willing to be employed by the �rm at this wage. In general, thi s implies that competitive

search equilibrium with wage posting will be ine�cient when �rms have a strictly concave

production function. However, in models in which �rms wish only to hire one worker, in

equilibrium no active �rm would o�er a wage at which it was unw illing to hire the �rst

worker that applies, so that no ine�ciency arises.

It is useful to introduce some notation that is speci�c to the wage posting case. First,

since a contract consists of a single wage, I denote a genericcontract by w rather than

C. Denote by h(m; w) the number of workers that a �rm posting wage w and receiving

m applicants hires according to Optimal Hiring. Denote by p(q; w) a worker's probability

of employment conditional on applying to the wage w, when a massq of workers also do

so (per unit mass of �rms o�ering w), and when the �rms posting w each use the optimal

hiring rule h(�; w). Equating the number of workers hired with the number of hires made

11



by �rms establishes that if q > 0 then

p(q; w) =
1
q

1X

m=0

h(m; w)f (q; m); (9)

p(0; w) is not well-de�ned. The total payment the �rm makes to its ap plicants is given by

W (m; h(m; w)) = wh(m; w); the expected payment received by an applicant is given by

wp(q; w).

Note that when the production function x(�) is concave, the optimal hiring policy

h(m; w) can be characterized byh(m; w) = min f m; min [l j x(l + 1) � x(l ) < w ]g: This fol-

lows immediately from the decreasing marginal product of additional workers. In the step

function case, it is apparent that

hS
n (m; w) =

8
<

:
n if m > n and w 6 1;

0 otherwise.
(10)

The de�nition of an competitive search equilibrium with wage postingis simply a spe-

cialization of the more general de�nition (De�nition 1 abov e). Restricting the contracting

environment to wage posting allows me to establish for a broad class of production functions

that an equilibrium exists and that in any equilibrium, the u tility of workers is maximized

subject to the constraint that �rms make non-negative pro�t s.

Proposition 3. Suppose the production functionx is strictly concave andq 7!
P n

m=1 g(q; m)

is strictly concave in q for each n > 1. Then a competitive search equilibrium with wage

posting exists. The equilibrium values ofw and q at all �rms that enter solve

max
w;q

wp(q; w) (11)

s.t. c =
1X

m=0

[x(h(m; w)) � wh(m; w)]f (q; m):

or equivalently

max
q;w

1
q

"

� c +
1X

m=0

x(h(m; w)) f (q; m)

#

(12)

s.t. c =
1X

m=0

[x(h(m; w)) � wh(m; w)]f (q; m):

The basic idea of the proof is analogous to that of Proposition 1 in Acemoglu and Shimer

(1999a). The intuition is clear: if there is a wage and an associated queue observed in

equilibrium for which wp(q; w) is not maximized (among the set of (w; q) associated with

active �rms in the equilibrium), then workers can gain by app lying to di�erent �rms. On the

other hand, if �rms are making positive pro�ts, then they can be undercut by entrant �rms

12
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Figure 1: Piecewise continuity ofh(m; w) and the zero-pro�t locus

o�ering slightly higher w. Under the concavity assumptions on the production function

and queueing function in the statement of the Proposition, one can check that this will be

a pro�table deviation. The other technical di�culty in the p roof lies in establishing the

existence of the maximum in (11); this is a problem sincep(q; w) is not continuous in w.

Proposition 3 allows an equilibrium to be depicted graphically. Figure 1 shows an

example. The zero-pro�t condition for �rms and the worker's indi�erence curve are graphed

in (p; w)-space. The concave downward-sloping dashed curve at the top right of the �gure

is the indi�erence curve; the broken line below and tangent to the indi�erence curve at

(p� ; w� )is the zero-pro�t locus. The former is downward sloping (in fact, since workers

are risk neutral it is a rectangular hyperbola). The zero-pro�t locus is not continuous in

(p; w)-space in general. The reason for this is that at a wage at which the �rm is indi�erent

between hiring an additional worker or not (that is, if w = x(m) � x(m � 1) for somem),

workers gain by a strictly positive amount if the additional worker is hired. Therefore the

zero-pro�t locus of �rms is discontinuous at such w in (p; w)-space.

In Figure 1, the equilibrium allocation is located at a tangency point of the indi�erence

and zero pro�t loci. Due to the discontinuity of the zero-pro �t locus, and in contrast to the

uniqueness result of Lemma 1 for the social optimum, it is possible that the equilibrium

allocation is characterized by multiple (q; w) pairs even when the production function x

is concave inm and when f is such that the hypotheses of Lemma 1 are satis�ed. It is

13
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Figure 2: Multiple equilibria

therefore possible for the indi�erence curve of workers to be tangent to it twice, once at a

point of discontinuity. Figure 2 shows such a situation. There are two equilibria where all

�rms use the same pure strategy, one in which all �rms post w�
1 and one in which all �rms

post w�
2; there is also a continuum of mixed strategy equilibria where �rms mix between

these two.16 However all agents in the economy are indi�erent ex ante between all such

equilibria so the multiplicity of equilibria does not a�ect welfare. Moreover, it is not di�cult

to show that for generic production functions, the equilibrium is unique.

Proposition 1 and Proposition 3 provide characterizations of the social optimum and

of the equilibrium that allow the two to be compared. In parti cular, I can give a partial

characterization of the conditions under which the equilibrium decentralizes the social op-

timum. The following two corollaries show that the conditio ns for e�ciency to obtain are

quite strong. First, a necessary and su�cient condition for e�ciency of the equilibrium is

that the �rm should be willing to hire any worker with positiv e marginal product who has

arrived at its doors after realization of the stochastic application process.

Corollary 1. Suppose the production functionx is strictly concave andq 7!
P n

m=1 g(q; m)

is strictly concave in q for each n > 1. Then the equilibrium allocation is e�cient if and

16 Since only the aggregate number of workers applying to each wage a�ects workers' expected utilities and
�rms' expected pro�ts, there is also a multiplicity of equil ibrium strategies for workers which di�er only in
which workers apply with what probabilities to which wages, while preserving the aggregate quantities.
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only if x(h(m; w)) = x(m) for all w o�ered by a positive mass of �rms in equilibrium.

The proof is immediate from comparing the characterizations of the e�cient allocation

in (6) and the equilibrium allocation in (12). Since x(h(m; w)) 6 x(m) for any m, welfare in

the equilibrium allocation is weakly less than in the e�cien t allocation; if x(h(m; w)) < x (m)

for any m > 1, then the inequality becomes strict.

This result indicates the principle alluded to in the introd uction, that conditional on

the worker and the �rm making the e�cient choices in any decis ions that are made after

meeting, then the competitive search mechanism ensures that the application and entry

decisions that occur prior to meeting will be e�cient. Thus e �cient hiring ensures that also

the number of entering �rms (given by � (R+ )) and the application decisions of workers (that

is, the distribution of q across entrant �rms) will also be e�cient. If hiring is ine�c ient,

then in general entry will also be ine�cient.

Corollary 1 can also be stated in an equivalent form that allows easier diagnosis of

ine�cient equilibrium allocations.

Corollary 2. Suppose the production functionx is strictly concave andq 7!
P n

m=1 g(q; m)

is strictly concave in q for each n > 1. Then the equilibrium allocation is e�cient if and

only if there does not exist a positive measure of �rms that o�er a wagew satisfying

w > inf
m> 1

[x(m) � x(m � 1)] > 0:

Proof. The given condition ensures that there is anm for which the marginal product of

the mth worker is positive but less than the wage the �rm has committed to o�er. These

�rms will not optimally choose to hire m workers, but will rather set h(m) 6 m � 1. Thus

the equilibrium is not e�cient.

The statement of Corollary 2 provides a necessary and su�cient condition for e�ciency

of the equilibrium in terms of the endogenous quantities (q; w) and therefore does not

ensure that the equilibrium is ever ine�cient. However, if t he production function is strictly

concave, then the following Proposition provides two circumstances under which ine�ciency

is guaranteed.

Proposition 4. Suppose the production functionx is strictly concave andq 7!
P n

m=1 g(q; m)

is strictly concave in q for each n > 1. Then all equilibria are ine�cient if either

(i) lim m!1 [x(m) � x(m � 1)] = 0 ; or

(ii) c > 0 is su�ciently small.

The intuition for this result is that the equilibrium alloca tion is ine�cient if the wage

is higher than the marginal product of the mth worker for some m; this can be guaranteed

either by assuming that the marginal product can be arbitrarily low, or by reducing the

entry cost enough that competition among �rms assures that the wage is high enough.
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It may be surprising that e�ciency does not always obtain, in view of the general belief

that a competitive search equilibrium allocation is e�cien t, because the mechanism for

obtaining e�ciency is to price workers' applications correctly through a competitive market

for them. This is correct; however, to decentralize the e�cient allocation, �rms must also

make the `correct' hiring decisions. In the standard model where �rms wish to hire only

one worker each, this condition is trivially satis�ed whenever the wage is less than the value

of the product of a matched �rm-worker pair, which is always t rue if it is e�cient to have

any active �rms. When �rms must also choose the number of workers to hire from their

applicant queues, an additional margin is introduced. If �r ms can commit only to o�er a

single wage to all applicants, paid only conditional on hiring, then once applications have

been made, �rms prefer not to hire those workers whose marginal product exceeds the wage.

It is not obvious from a comparison of Proposition 1 and 3 whether entry in an in-

e�cient equilibrium is generally too low or too high. (Note t hat in a symmetric alloca-

tion, the number of �rms entering is given by 1=q.) Ine�cient equilibria were charac-

terized by hiring being too low, conditional on entry, but th e e�ect of this on the entry

margin is not clear. The reason for the ambiguity is that the social planner's marginal

bene�t from increasing the queue length q is an increase in the net production per �rm,
P 1

m=0 x(m)f (q; m), while for the private �rm, increasing q ceteris paribus increases pro�t

net of wages,
P 1

m=0 [x(h(m; w)) � wh(m; w)]. For a given wagew, the ex post pro�t func-

tion m 7! x(h(m; w)) � wh(m; w) is both lower for each m, and di�erently shaped (if x is

concave then the pro�t function is also less concave). The �rst e�ect tends to lead to lower

queue lengths (that is, more entry) in the equilibrium; the second is ambiguous but can

lead to higher queue lengths. In general, the equilibriumq is likely to be ine�ciently low

(and therefore entry is ine�ciently high), but if entry cost s c are su�ciently high and the

production function is su�ciently concave, then it is possi ble for equilibrium queue lengths

to be ine�ciently high, that is, for entry to be ine�ciently l ow.

Thus far in this section, I have restricted attention to the case where the production

function x is strictly concave. When the production function takes other forms, it can be

that wage posting decentralizes the e�cient allocation. An example is given by the following

Proposition.

Proposition 5. Suppose thatx is a step function (that is, x = xS
n for some n > 1). Then

there exists an e�cient equilibrium with wage posting.

The intuition here is that an e�cient equilibrium can exist i f the hiring margin is trivial.

In the case of a production function that is a step function, this is so: for a given wage,

either the �rm wants to shut down or else hire exactly n workers if it receives at least that

many. Note that this result includes the familiar result (Mo en, 1997; Shimer, 1996) that

in the case where �rms can productively employ only one worker, so that x = xS
1 , then

competitive search equilibrium is e�cient. 17

17 To be more precise, in the case wherex = xS
1 , Moen (1997) and Shimer (1996) show that there is a
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2.5 Alternative contracting environments

. In the previous subsection, I showed that competitive search equilibrium under wage

posting is generally ine�cient. It is therefore of interest to consider alternative, richer

contracting environments under which an e�cient competiti ve search equilibrium exists. It

follows immediately from Proposition 2 that if the contract ing environment is rich enough

to allow the �rm to commit in advance to behave e�ciently afte r its applicants arrive, then

e�ciency can obtain in equilibrium. In this section I invest igate more natural contracting

environments that allow an e�cient equilibrium.

There are three objects to which the �rm could naturally commit in the contract: the

amount paid to applicants, the amount paid to hired workers, and how many workers the

�rm commits to hire. I consider two possibilities for wages. First, as in Section 2.4, the �rm

could post a single wagew and commit to paying any workers it hires w each. Alternatively,

the �rm could commit to a wage vector ( w1; w2; : : :) such that each hired worker is paid a

lottery with h equally likely prizes f w1; : : : ; whg if h workers are hired.18 I also consider two

possibilities for hiring. First, it could be that the �rm can not commit ex ante to hiring a

number of workers, but decides how many to hire once queues are realized. Alternatively, the

�rm could be able to post a number M 2 N [ f1g and commit to hiring min f m; M g when

the realized queue containsm applicants. I therefore consider the following four contracting

environments, of which the �rst is the wage posting environment of Section 2.4.19

(A) Firms commit to a single wage w only, but do not commit to a number of workers to

be hired;

(B) Firms commit to a wage vector (w1; w2; : : :) such that each hired worker is paid a

lottery with h equally likely prizes f w1; : : : ; whg if h workers are hired, but do not

commit to a number of workers to be hired;

(C) Firms commit to a single wage w and a number M , and commit to hire w and a

number M and commit to hire h = min f m; M g workers each at wagew;

(D) Firms commit to pay each applicant a fee a but do not commit to anything else.

In the benchmark competitive search model where �rms wish tohire only one worker,

�rms post and commit to a single wage w. Once at least one worker arrives at the �rm,

the �rm hires that worker and pays her w. If the wage is less than the value of production

unique competitive search equilibrium which is e�cient. To complete the proof of uniqueness is easy in that
particular case; for x = xS

n this can also be established if k : q 7! q=g(q; n) is convex and there is �q > 0 such
k(q) is decreasing in q if q < �q and increasing in q for q > �q. The proof is available on request.

18 There is no de�ned order by which workers are hired in the mode l; however an ordering can be trivially
introduced by arranging the realized queue of m workers in order from 1 to m at random and deeming that
workers with lower numbers are hired �rst. This then allows t he wage lottery to be implemented by paying
w1 to the �rst worker, w2 to the second worker, and so on. Thanks to Marek Pycia for suggesting the lottery
interpretation.

19 Other possibilities are discussed at the end of the current subsection.
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by the �rm/worker match, then it is ex post pro�table for the �rm to hire the worker, so it

is unimportant whether or not the �rm has committed to this. I f the wage is greater than

the value of production, then the �rm would hire the worker on ly if it has committed to do

so; however no �rm in equilibrium would post such a wage sinceit cannot make pro�ts ex

post and therefore cannot cover the entry cost. Thus in the benchmark model, contracting

environments (A), (B) and (C) all give rise to equilibria wit h identical allocations, and

therefore are e�cient (Moen, 1997; Shimer, 1996). (Environment (D) also leads to e�ciency;

this is a special case of Lemma 2 below.)

In the economy considered in this paper, in which �rms wish to hire multiple workers,

I established in Proposition 4 that the equilibrium under environment (A) is not in gen-

eral e�cient. On the contrary, environments (B), (C), and (D ) do lead to equilibria that

decentralize the e�cient allocation.

Lemma 2. Under contracting environments (B), (C) and (D), there exis ts an e�cient

competitive search equilibrium.

In environment (C), e�ciency is obtained by �rms posting a wa ge and committing to

hire arbitrarily many workers at that wage. This is equivalent to environment (D), where

all applicants are paid directly for applying. Thus both lead to e�cient ex post hiring by

making the �rm the residual claimant on the whole value of production. Environment (B)

leads to e�ciency instead by allowing �rms to keep the margin al wage payment to each

additional hire less than her marginal product, while at the same time allowing the level of

the expected payment to workers to be any fraction of expected match surplus.20

In view of the e�ciency of contracting environments (B), (C) and (D), it is perhaps

necessary to justify why environment (A) is considered the benchmark. The most funda-

mental reason is that in an augmented version of the model in which worker productivity is

heterogeneous, then optimal incentive-compatible contracts can take the wage posting form.

For example, Guerrieri (2006) considers an environment in which workers are identical at

the time of application, but after an applicant arrives at a � rm, a match-speci�c disutility

of labor is drawn which is observable only to the applicant. She shows using a mechanism

design approach that optimal contracts take the form of wageposting, and her argument

applies also to the more general setting in which multiple workers apply simultaneously.

Shimer and Wright (2004) study an environment in which workers do not observe �rms'

productivity draws and �rms, in turn, do not observe workers ' e�ort choices; again the

optimal incentive compatible contract takes the form of a posted wage, together with a

severance payment.

20 It is interesting that while the expected value of an applica tion is in equilibrium the same in each of
the e�cient environments (B), (C) and (D), the distribution s of realized payments di�er substantially. In
environments (C) and (D), all applicants receive the same ri sk-free payment; the �rm bears all the risk. In
environment (B), the realization of the worker's payment fr om the set f w1 ; w2 ; : : :g is stochastic at the time
of application. It is natural to conjecture that there may be no e�cient equilibrium under environment (B)
if workers are not risk neutral; verifying this is left for fu rther research.
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Simpler augmentations of the model can show the non-optimality of particular contract-

ing environments. For example, suppose that workers are identical ex ante, but when an ap-

plicant arrives at a �rm, a match-speci�c productivity shoc k is drawn, so that the marginal

product of the applicant is either the normal marginal product (given by x(m) � x(m � 1) if

the �rm employs m � 1 other productive workers), or large and negative (so that employing

the worker reduces the value of the �rm's production). The realization of the productivity

shock for each applicant is observable only to the �rm, before it makes its hiring deci-

sions. Then it is easy to verify that a contract taking the form of an unconditional hiring

commitment, as in environment (C), cannot be optimal.

In addition, the empirical relevance each of contracting environments (B), (C), and (D)

is questionable. Environment (B) requires that �rms can treat workers di�erently ex post,

but fairness concerns or internal wage structure policies may prevent this; also, contracts

of the form optimal in environment (B) are not explicitly seen in real labor markets.21 In

addition, unless each worker's wage is public information,then there is a moral hazard

problem that the �rm would like to pay all hired workers the mi nimal wage draw that can

arise in the wage lottery. Next, the commitment requirements of environment (C), that

�rms can commit to hiring arbitrarily many workers at the pos ted wage even if it is not ex

post pro�table to do so, seem unreasonably strong; moreover, such commitments are not

frequently observed empirically. Finally, paying workers an `application bounty' and not a

wage as in environment (D) is unattractive for obvious moral hazard reasons.

There are also contracting environments other than (A), (B), (C), and (D) that could

potentially be considered; however, these do not lead to newresults. Allowing the �rm

to commit to a wage lottery and to a number of workers to be hired (a combination of

environments (B) and (C)) is a strictly richer contracting e nvironment than either (B) or

(C) and therefore also admits an e�cient equilibrium. Anoth er possibility is to allow �rms

to commit to a number of workers to be hired but not to any payments; in this case there is

a large multiplicity of equilibria depending on what wages are paid in equilibrium by �rms

that have posted particular hiring commitments. This kind o f contracting environment does

not in general decentralize the e�cient allocation; the argument is similar to that of Menzio

(2005). A similar multiplicity result applies if �rms canno t commit to anything, in which

case contract posting is exactly the `cheap talk' considered by Menzio.22

2.6 Welfare cost of wage posting

An interesting feature of the interaction of search frictions with wage posting is that the

ine�ciency can be most costly at intermediate values of labor market tightness. If the

number of workers vastly exceeds the number of �rms, or vice versa, then the welfare

21 Bewley (1999, ch. 9) provides evidence that fairness concerns often lead to a common wage for new hires.
22 Menzio (2005) considers an environment where �rms wish to ma tch only with a single worker but the

generalization to �rms that wish to hire multiple workers is conceptually not di�cult.
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cost associated with wage posting (measured as the percentage decrease in welfare from

the e�cient allocation to the competitive search equilibri um) becomes small, while for

intermediate values of labor market tightness, the welfarecost of wage posting can be large.

The fact that the welfare cost of posting wages rather than more complicated contracts

is low in some cases provides a justi�cation why wage postingmight be observed in some

types of labor markets.

The intuition for the non-monotonicity result is that when l abor markets are tight (that

is, q is small), very few �rms receive more than a single application; this means that the

possibility of hiring multiple workers becomes insigni�cant and the familiar e�ciency result

from the case where �rms wish to hire only one worker then holds approximately. On the

other hand, when labor markets are not tight (that is, q is large), there are two intuitions

for why the labor market friction has a low e�ciency cost. Fir st, as q becomes large, the

law of large numbers ensures that the realized number of applicants is more likely to be

within a given percentage of its mean (which isq). Second, tight labor markets are also

associated with lower wages, and this increases the number of workers that the �rm can

hire before the marginal product of an additional worker becomes less than the wage.

To state the result precisely, I face the di�culty that labor market tightness is endoge-

nous. However, it is intuitive that increasing the entry cost c for �rms will reduce entry,

ceteris paribus, and hence increaseq and reduce the tightness of the labor market. I there-

fore consider the e�ect of changingc on social welfare. Denote byU � (c) the value of social

welfare in an e�cient allocation. Denote by Ue(c) the value of social welfare in equilibrium.

Then I can de�ne the welfare cost of the ine�ciency by 23

�( c) =
U � (c) � Ue(c)

U � (c)
: (13)

Note that �( c) 2 [0; 1] is de�ned wheneverU � (c) > 0; it is easy to check that this is true

whenever 06 c < lim m!1 x(m).

Theorem 1. Assumex is strictly concave. Then

(a) if f is such that f (q;1)
q ! 1 as q ! 0, then �( c) ! 0 as c ! 0; and

(b) if there exists a function s : R+ ! N such that lim
q!1

s(q)
� (q)

= 1 and for all q

P 1
m=0 x(m)f q(q; m)

x(s(q)) � x(s(q) � 1)
�

q� (c)
� (q� (c))

6 1; (14)

then �( c) ! 0 as c ! limm!1 x(m).

23 Another possible de�nition of the welfare cost is the di�ere nce in levels, U � (c) � Ue(c). An analogous
result to Theorem 1 holds for that de�nition of welfare cost a lso; in fact this follows immediately from
Theorem 1 since U � is bounded, and is a strictly weaker result, notably in the ca se when welfare converges
to 0 as c becomes large.

20



0 2 4 6 8 10 12 14
0

1

2

3

4

5

6

7

8

9

10

W
el

fa
re

,U

Entry cost, c

Figure 3: Welfare in the e�cient allocation and in the equili brium with wage posting

If both assumptions are satis�ed then�( c) is maximized for somec 2 (0; lim m!1 x(m)) .

The assumption in (a) is satis�ed if f (q; m) = e� � ( q) � (q)m

m! with limq! 0 � (q)=q = 1 . The

assumptions in (b) are satis�ed if f (q; m) = e� qqm

m! and x(m) = Am � for any A > 0 and

� 2 (0; 1).

Figures 3 and 4 provide a graphical display of the conclusions of Theorem 1. In Figure

3, I graph the welfare in the competitive search equilibrium with wage posting and in the

e�cient allocation as the entry cost c varies. The upper, dashed curve is the welfare a

planner could achieve; the lower, unbroken curve shows equilibrium welfare. It is apparent

that the ratio of the two welfare levels converges to 1 asc ! 0 and as c becomes large.

Figure 4 shows this conclusion more precisely by graphing the value of relative welfare,

1 � �( c) = Ue(c)=U� (c).

The intuition for condition (14) is that it requires that lab or market frictions not be

too severe relative to the speed at which the marginal product of labor declines as the

�rm size increases. If the marginal product of labor declines very rapidly, then the welfare

loss from ine�ciency can remain large even as the queue length becomes large, because

there are always a few �rms that receive many fewer workers than the mean, and the fact

that these workers do not get paid their marginal product in equilibrium is an e�ciency

loss that does not vanish in relative terms.24 The condition formalizes this intuition as a
24 Simulation suggests that an example where this occurs is given by f (q; m) = e� qqm =m! and x(m) =

1 � e� m 2
.
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Figure 4: Welfare under wage posting relative to the e�cient allocation

relationship between the marginal product of q, after accounting for labor market frictions

and the marginal product of the production function x(�) when the number of workersm

that each �rm receives is roughly equal to � (q), as it is for q large.

2.7 Firm size and labor market frictions

To complete the discussion of the static model, in this section I note that the nature of

labor market frictions can a�ect the optimal scale for �rm en try. If labor market frictions

take the form of pure coordination frictions, they can provide a source of increasing returns

to scale. This favors the entry of larger �rms, ceteris paribus. The intuition for this result

is that labor markets are `less random' for larger �rms. A more precise intuition is that,

the larger the queue lengthq a �rm wishes to attract, then when applications are made

independently, the strong law of large numbers ensures thatthe number of applications m

the �rm receives ex post is such that m=q converges almost surely to 1 asq becomes large.

This provides a source of increasing returns to scale, even when the underlying productive

technology exhibits constant returns. As �rm scale becomeslarge, the importance of the

labor market frictions vanishes, and the economy convergesto one in which workers are

employed for sure and receive all the available surplus. On the other hand, if labor market

frictions do not take the pure coordination form, in particu lar, if the matching friction � is

concave, then this can provide a source of decreasing returns to scale that can counteract

this e�ect.

22



The following Proposition makes precise the intuition that under pure coordination

frictions larger �rms can be favored.

Proposition 6. For each n 2 N, let (qn ; wn ) denote the queue length and wage in the

e�cient competitive search equilibrium of the economy in which the production function

x(�) = xS
n (�) is a step function (that is, x(m) = xS

n (m) = n1(m > n)) and the entry cost

c = cn = nc1. If f is such that m
q ! 1 almost surely asq ! 1 , then as n ! 1 ,

qn

n
! 1; g(qn ; n) ! 1; p(qn ; wn ) ! 1; and wn ! 1 � c1:

The assumption aboutf holds for the Poisson case,f (q; m) = e� qqm

m! .

Proposition 6 is stated for the case of a step function technology; however this is simply

for the sake of clarity in isolating the role of returns to scale in n. Analogous results are

true for other production functions x. The intuition for the result is clear: if the queuing

function is such that the expected di�erence between a �rm's desired number of applicants

(in this case, n) and its realized queue lengthq becomes small relative to its value product,

then labor market frictions become unimportant, the allocation of workers to �rms becomes

e�cient, and so unemployment converges to zero and workers earn the same surplus as in

the frictionless economy. The extreme nature of this conclusion could be ameliorated if

the labor market friction does not take the pure coordination friction form. For example,

suppose that � (q) = �q for some� 2 (0; 1), so that only a constant fraction � of applicants

in fact manage to �nd any �rm to which to apply. Then one can che ck that an analogous

result to that of Proposition 6 is true, in that welfare is inc reasing inn for n large; however,

in this case unemployment converges to 1� � as n became large.

Note also that this result applies only to the pure coordination frictions case. If � is

su�ciently concave, for example, if � (q)=q ! 0 asq ! 1 , then it is not di�cult to deduce

from the �rm's zero-pro�t condition that welfare converges to zero as the scale of �rm entry

n becomes large. In this case there are two counteracting e�ects on welfare from increasing

n: longer queues mean that the distribution of realized applicant queuesm is such that the

variance of m=� (q) decreases asq increases, and this favors larger �rms; however, if� is

concave then decreasing returns to scale in the matching technology favors smaller �rms.

The question of which case is more relevant is ultimately an empirical one.

As noted, this result does not rely on increasing returns to scale in the underlying

production function x. Rather, under the stated assumption, labor market queues are `less

stochastic' for large �rms in the sense that a smaller fraction of the queues they attract are

`wasted' by being a di�erent length than required. This has implications for the distribution

of observed �rm sizes. In an augmented version of the model where �rms are allowed to

choose their scalen, this provides an incentive for �rms to choose n as large as possible.

Alternatively, if n is drawn randomly and �rms have the option to exit or enter the labor

market at the randomly allotted scale n, then only �rms with n above some thresholdn will
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enter. (Note that the notion of competitive search used to model labor market frictions here

requires that �rms remain atomic, even asn becomes large, so this model is not appropriate

for talking about �rms that are large with respect to the whol e economy.)

It may appear that the fact the wages are increasing with �rm scale n is supported

empirically by the well known positive correlation between �rm size and wages. One should

be slightly careful in interpreting Proposition 6 directly as making this prediction, since the

Proposition describes a comparative static across static economies that di�er in the scale of

the identical �rms that populate each, while the empirical p ositive correlation of �rm size

and wages is a comparative static in the cross section of an dynamic economy populated

by heterogeneous �rms. This motivates study of a dynamic version of the model, to which

I now turn.

3 Dynamic Model

3.1 Environment

In the previous section, I examined a static model of an economy in which �rms can produc-

tively employ more than one worker, and discussed conditions under which a competitive

search equilibrium of this economy is e�cient. Considering only a single time period sim-

pli�es the model, but at the same time does not allow discussion of issues such as the

growth of �rms over time and the relationship of �rms' hiring policies and their internal

wage structures. In addition, since the ine�ciency associated with wage contracts in the

static model arises from the inability of �rms to tailor thei r wage o�ers to each applicant,

one might expect that the ine�ciency associated with wage posting would be reduced if

�rms gain the 
exibility to hire workers sequentially and ad just their wages over time. In

order to formalize these positive and normative ideas, in this section I formulate a dynamic

version of the economy.

The structure of this section is as follows. In this subsection, I introduce the dynamic

model and de�ne an allocation. In Section 3.2 I write the planner's problem and characterize

e�cient allocations. Following this, in Section 3.3, I disc uss the equilibrium under di�erent

contracting environments. Section 3.4 shows that wage posting contracts are approximately

e�cient as the length of the period for which the �rm commits t o the wage shrinks. Finally,

in Section 3.5, I discuss intra-�rm wage dynamics and provides conditions under which

wages decrease with the number of workers already hired by the �rm.

Some aspects of the dynamic economy are analogous to the static model and therefore

I discuss them only brie
y; for the details, refer to the discussion of the static environment

in the previous section.

Time is discrete. Firms and workers have a common discount factor of � < 1. As before,

assume that there is a continuum of mass 1 of risk neutral workers and a large continuum

of �rms. Firms that are not yet active can choose in any period to pay the entry cost of c
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to become active and enter the labor market. All active �rms have access to a production

technology x : N ! R+ that satis�es the same assumptions as in the static model. There

is a constant probability � that any active �rm will be destroyed at the end of the period

and its workforce returned to unemployment; the scrapping value is zero. I also assume

that contracting is at-will: that is, workers can be �red cos tlessly at any time, and workers

can leave the employment relationship and return to unemployment at any time. Workers

unemployed in a given period enjoy leisure whose utility value I set to zero for simplicity.25

There is again a coordination friction in the labor market. I assume that workers do not

observe any feature of �rms except the posted labor market contracts, along with the number

of workers previously hired by the �rm (the structure of the s et of labor market contracts

that can be written will be discussed further below).26 There is a queueing functionf that

gives the probability that a �rm will receive precisely m applicants given that a mass of

q workers apply to a mass 1 of identical �rms; I make the same assumptions on f as in

Section 2.1.

The timing of events within a period is as follows:

1. Inactive �rms can choose to pay the entry cost and become active �rms (with no

workers).

2. Active �rms can choose to �re any or all of their workers.

3. Active �rms post employment contracts C.

4. Workers can choose to leave their �rms and become unemployed.

5. Unemployed workers direct their search to contracts, forming queues as in the static

model.

6. The number of applicants to each �rm is realized through the queueing technologyf .

7. Firms decide how many of their applicants to hire.

8. Production occurs and payments are made to workers.

9. Active �rms may be destroyed (probability � ) and their workers made unemployed.

25 Note that certain traditional features of frictional labor market models are not present. In particular, I
assume that �rms do not have to pay a cost to post a contract eac h period, in addition to the entry cost that
is paid when �rms enter. Introducing such a cost would compli cate the equilibrium by introducing an ( s; S)
band of inaction within which �rms would be unwilling to hire more workers but would not want to �re any
already-hired workers. Beyond this, it would not change the qualitative conclusions about the e�ciency of
di�erent contracting environments. I also set the value of l eisure to 0; setting it to b > 0 would likewise not
a�ect conclusions about e�ciency or wage dynamics but would complicate some proofs.

26 The assumption that a �rm's number of previously-hired work ers m is observable to applicants is nec-
essary if the �rm's optimal hiring decision ex post, and therefore the worker's probability of being hired,
depends on m. If applicants could not observe m then there would be an incentive for �rms that do not
wish to hire many workers to post the same C as other �rms that do; this pooling would then give rise to a
signal extraction problem for the worker that is not the focu s of this paper.
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I have not yet speci�ed exactly from what spaceD �rms can choose the contracts that

they post. However, as in the static model, this lacuna is unimportant for specifying the

planner's problem since the role of contracts for the planner is simply to allow direction of

workers' search. I can therefore de�ne an allocation in the dynamic economy.

De�nition 2. An allocation is a sequence of tuples

n
(dm;t )1

m=0 ; ( ~dm;t )1
m=0 ; et ; Ct ; (� m;t )1

m=0 ; F t ; H t ; qt ; Ut

o1

t=0
;

where for eacht,

� for each m 2 N, dm;t is the mass of active �rms at the beginning of period t with

m workers already hired, and ~dm;t is the mass of active �rms with m workers after

separations and �rm entry but before hiring;

� et is the number of �rms that pay the entry cost to become active at the beginning

of period t;

� Ct � D is the set of contracts o�ered by �rms;

� for each m 2 N, � m;t 2 B(D) is a measure onD such that for each C0 � C , the mass

of �rms o�ering a contracts C 2 C0 is given by � (C0), and satisfying27

� m;t (D n Ct ) = 0 and
Z

D
d� m;t = ~dm;t ;

� F t : N � N is the set of decisions by �rms about how many workers to �re;

� H t : N2 � D � N is the set of decisionsh(m; l; C ) by �rms about how many workers

to hire;

� qt : D � N ! R+ is the (� -measurable) function mapping the contract o�er of a �rm

and the number of workers already hired to queue lengths; and

� Ut is the equilibrium expected utility of workers.

27 To reduce the notational burden, I have again omitted notati on for the � -algebra of measurable subsets
of D; as in the static model, when D is isomorphic to a closed subspace ofRn for some n 2 N, I assume that
� is a Borel measure.
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An allocation is feasible if the following constraints are satis�ed:

1X

m=0

�
m ~dm;t +

Z

D
qt (C) d� m;t (C)

�
6 1; (15a)

1X

l= m

~dl;t 6
1X

l= m

dl;t (m > 1); (15b)

1X

l=0

~dl;t 6 et +
1X

l=0

dl;t (15c)

dm;t +1 = (1 � � )
mX

k=0

Z

D

X

l j h(k;l;C )= m� k

f (qt (C); l ) d� k;t (C) (15d)

Equations (15a) to (15d) express necessary accounting constraints on the evolution of

the �rm size distribution. Equation (15a) requires that the number of workers employed

plus those required to form the speci�ed queues should not exceed the population, and

equation (15b) requires that �ring should cause the number of �rms employing at least m

workers to fall for each m > 1. The remaining two equations, (15c) and (15d), stipulate

that the total number of �rms should increase after entry, and that the number of �rms

with m workers employed at the beginning of a period should be equalto the number of

�rms that hired enough workers in the previous period to �nis h with m workers, less the

fraction � of �rms that are exogenously destroyed.

I assume that �rm-worker separations can occur both by �ring and by quitting, as well

as when �rms are exogenously destroyed. An alternative assumption would be to disallow

�ring and assume that all separations of workers from continuing �rms occur via workers

quitting. For the planner, and hence in the e�cient allocati on, these are clearly equivalent.

In the case of the decentralized allocation, the two environments are again equivalent if the

contracting environment allows the �rm to o�er the workers i t would have �red a wage at

which they voluntarily quit instead.

3.2 E�ciency

I �rst consider the e�cient allocation in this economy. The s ocial planner maximizes dis-

counted output by choosing in each period the entry, �ring and hiring policies of �rms and

the worker queue lengths. Speci�cally, the planner �rst chooses for eacht a masset of

entrant �rms. For each �rm that enters period t with m workers already hired, the planner

chooses for eachs 6 m the probability � m;s;t with which it reduces its workforce size to

s by �ring precisely m � s workers. Next, in principle the planner can choose how many

workers the �rm wishes to hire from a realized queue lengthl ; however since output is non-

decreasing in workforce size and workers can always be �red at the beginning of the next

period, it is trivially optimal to hire all applicants. Fina lly, the planner also chooses for

each (m; t ) a distribution � m;t (q) indicating the measure of �rms with m workers at time t
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to whom the planner assigns a worker queue of lengthq (per unit mass of �rms). Note

that this notation already takes into account that the role o f contracts for the planner is

merely to allow direction for workers' search; therefore, as in the static model, it is equiva-

lent to allow the planner to choose the distribution � m;t directly. Constraining the planner

are accounting constraints on the evolution of the state variable (dm;t )1
m=0 as a function of

the hiring and �ring in the previous period, and a constraint that the number of workers

in applicant queues be no greater than the number of unemployed workers. I record the

planner's problem as the following lemma.

Lemma 3. The optimal allocation in the dynamic economy solves:

max
8

>

<

>

:

dm;t ; ~dm;t ; et ;

� m;t ; � l;m;t

9

>

=

>

;

1

t =0

1X

t=0

� t

2

4� cet +
1X

m=0

~dm;t

Z 1

0

1X


 =0

f (q; 
 )x(m + 
 ) d� m;t (q)

3

5 (16a)

subject to

~dm;t =

8
<

:

P 1
l= m � l;m;t dl;t m > 1

et +
P 1

l=0 � l;0;tdl;t m = 0
(16b)

1 =
lX

m=0

� m;l;t (16c)

1 =
Z 1

0
d� m;t (16d)

1X

m=0

~dm;t

Z 1

0
q d�m;t (q) 6 � +

1X

m=0

1X

l= m

� l;m;t dl;t (16e)

dm;t +1 = (1 � � )
mX

l=0

~dl;t

Z 1

0
f (q; m � l) d� l;t (q) (16f)

(d0;t ;d1;t ; : : :) given: (16g)

The form of constraint (16e) arises from the fact that since the whole population of

workers are employed each period, and since all �rms are equally likely to be destroyed,

independent of their size, hence a mass� of workers are employed at such �rms each period.

The addition of the number of �red workers provides the unemployment pool from which

applicant queues are drawn.

The characterization of e�cient allocations given by Lemma 3 has an immediate corol-

lary that will allow identi�cation of ine�cient allocation s.

Corollary 3. Assume the production functionx is strictly increasing in m. Then in any

e�cient allocation, all workers are employed every period.

Further characterization of the optimal allocation is easier done if the planner's problem

is rewritten in recursive form. The state variable for the planner in period t is the vector
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(dm;t )1
m=0 of the number of �rms with m workers already hired at the beginning of the

period. The associated Bellman equation for the planner's problem is therefore given by

V(d0; d1; : : :) = max
e;f � m g;
f � l;m g

2

4� ce+
1X

m=0

~dm

Z 1

0

1X


 =0

f (q; 
 )x(m + 
 ) d� m (q) + �V (d0
0; d0

1; : : :)

3

5

(17a)

subject to

~dm =

8
<

:

P 1
l= m � l;m dl m > 1

e+
P 1

l=0 � l;0dl m = 0
(17b)

1 =
lX

m=0

� m;l (17c)

1 =
Z 1

0
d� m (17d)

1X

m=0

~dm

Z 1

0
q d�m (q) 6 � +

1X

m=0

1X

l= m

� l;m dl (17e)

d0
m = (1 � � )

mX

l=0

~dl

Z 1

0
f (q; m � l) d� l (q): (17f)

The domain for V is the set X of sequences (d0; d1; : : :) taking values in R+ and satisfying

the constraint that
P 1

m=0 mdm 6 1 (that is, the number of employed workers is no more

than the population).

Proposition 7. There is a unique solution to (17). V (d0; d1; : : :) is equal to the value

of the sequential form of the planner's problem stated in Lemma 3 with (d0;t ; d1;t ; : : :) =

(d0; d1; : : :). V is continuous and is nondecreasing in all its arguments.

The proof of Proposition 7 follows from standard techniquesfor analyzing recursive

problems: the existence of the value functionV follows from using the Bellman equation

(17) to characterize V as the solution to a �xed point problem, and the claimed properties

of V can be showing that they are preserved by the associated operator.

3.3 Equilibrium and contracts

I now continue analogously to the static model and consider the properties of the decentral-

ized equilibrium. To do this, recall that it is important to s pecify what kinds of employment

contracts can be posted by �rms. In this section I introduce contracting environments that

naturally generalize to the dynamic setting the four environments introduced in Section 2.5,

and show that, analogously to the static model, wage postingdoes not in general decentral-

ize the e�cient allocation. However, if the contracting env ironment is rich enough to allow

the �rm to pay applicants their marginal product while also m aking it incentive compatible
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for �rms to hire all their applicants ex post, then there exists an e�cient competitive search

equilibrium.

I will always restrict attention to Markov perfect equilibr ia only. More speci�cally, I

allow �rms and workers to condition their strategies in peri od t only on aggregate variables,

together with idiosyncratic payo�-relevant state variabl es (speci�cally, in the case of �rms,

the number of workers already employed at that �rm). 28 This allows me to abstract from

the possibility of unrealistic trigger-strategy equilibr ia in which �rms' strategies depend

directly on the contracts posted by other �rms in the past. 29

I assume as in the static model that �rms are constrained to o�er only one contract in

any period t which must be available to all applicants. I assume in this section that long-

term contracts are impossible. Since short-term contracting allows the e�cient allocation

to be decentralized, it is clear that long-term contracting could also do so, but it is without

loss of generality to disallow it. Instead, in each period, Iassume that �rms can post a

contract C that binds the actions of the �rm only during period t.

In the most general contracting environment of interest, the space of contractsD consists

of contracts C that specify each period functionsW n
t ; W o

t : N3 ! R+ and X t : N2 ! 2N,

such that a �rm with m workers already hired that receivesl new applications hires some

number h 2 X (m; l ) \ f 0; 1; : : : ; lg of them, and divides a total payment of W n(m; l; h )

among its applicants and W o(m; l; h ) among its already-hired workers. However, since

simpler contract structures than this achieve e�ciency, I d o not consider these general

contract structures explicitly here. Instead, generalizing the environments considered in

Section 2.5, I consider the following possibilities for thecontracting environment D:

(A1) C speci�es a single wagew to be paid to both already-hired workers and to applicants

conditional on being hired;

(A2) C speci�es two wages (wn ; wo) to be paid respectively to applicants conditional on

being hired and to already-hired workers;

(B) C speci�es a wage vector (w; w1; w2; : : :) such that each already-hired worker is paidw

and each newly-hired worker is paid a lottery with h equally likely prizes f w1; : : : ; whg

if h workers are hired;

(C) C speci�es two wages (wn ; wo) and a number M such that each already-hired worker

is paid wo, each newly-hired worker is paidwn and the �rm commits to hire h =

minf m; M g workers;
28 If �rms could write long-term contracts, then the space of pa yo�-relevant state variables would also

include the contracts at which existing workers are employe d.
29 For example, it is possible for some parameter values and some production functions x to construct a non-

Markov equilibrium where �rms always refrain from hiring mo re than some �xed number M of workers even
though at the prevailing wage it would be pro�table to hire ad ditional workers. The deviation is rendered
unpro�table by the threat of all other �rms also increasing t heir hiring, which would in turn increase the
wages the deviating �rm must pay. In general, a large multipl icity of non-Markov perfect equilibria may
exist.
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(D) C speci�es two numbers (a; w) such that a is paid to each applicant and w to each

already-hired worker.

In each case, I assume �rms can commit to the provisions speci�ed in C but that, as in the

static model, the �rm makes decisions about variables not speci�ed in C ex post. Note that

environments (B), (C), and (D) generalize the environmentsof the same name in the static

model of Section 2.5; environments (A1) and (A2) both generalize environment (A) of that

section.

An important simplifying feature of the short-term contrac ting environment is that

only this period's posted C a�ect the queueing and quitting decisions of workers at period

t. This is because the expected utility from periodst + 1 and onwards must in equilibrium

be constant and independent of the worker's employment status at the end of period t.

That is, at the beginning of period t + 1, before queues are realized, the expected utility of

an unemployed worker is equal to that of an employed worker. (If the equilibrium value of

being an unemployed worker was higher than the value of any employed worker, then that

worker could pro�tably deviate by quitting her job; whereas if the value of any employed

worker were higher than the value of unemployment, then the �rm employing that worker

can cut the o�ered wage without a�ecting the worker's decision to remain employed.) This

means that I can de�ne

� qt (C; m) to be the equilibrium queue length attracted by a �rm with m previously-

hired employees postingC at time t;

� c(m; l; h; C ) = W n (m; l; h ) + W o(m; l; h ) to be the current period cost to a �rm with

m already-hired workers of postingC, attracting a realized queue length of l , and

hiring h new workers;30

� pt (C; m) to be the equilibrium probability that a worker is hired con ditional on ap-

plying to C; m at time t; and

� ut (C; m) to be the equilibrium expected utility a worker receives from applying to

(C; m) at time t.

I can now de�ne an equilibrium with short-term contracts. Fo rmally, an equilibrium should

be de�ned as a sequence of contingent strategies for �rms andworkers, subject to the

restriction that �rms maximize discount expected pro�ts an d workers maximize utility,

taking as given the contingent strategies of all other agents. However, owing to the high

dimensionality of the strategy spaces, for the sake of simplicity I de�ne an equilibrium

recursively; it is not conceptually di�cult to derive the ch aracterization of equilibrium in

De�nition 3 from the formal sequence de�nition.

30 Note that in general c(�) will not depend on all of its arguments, but each of ( m; l; h; C ) a�ects c in at
least one of the environments considered.
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De�nition 3. An equilibrium with short-term contracts is a feasible allocation

n
(dm;t )1

m=0 ; ( ~dm;t )1
m=0 ; et ; Ct ; (� m;t )1

m=0 ; F t ; H t ; qt ; Ut

o1

t=0

together with a sequence of functions �t : N ! R+ for t 2 N satisfying the following

conditions:

(a) Pro�t Maximization and Optimal Firing: 8m 2 N,

� t (m) = max
C2D ;
� > 0

1X

l=0

�
x(m � � + h(m; l; C )) � c(m � �; l; h; C )

+ � (1 � � )� t+1 (m � � + h(m; l; C ))
�
f (qt (C; m � f ); l )

(18a)

with equality for each C 2 Ct for somem 2 N with dm;t > 0;

(b) Optimal Hiring: 8(m; l; C ),

ht (m; l; C ) 2 argmax
h2f 0;1;:::;l g

f x(m + h) � c(m; l; h; C ) + � (1 � � )� t+1 (m + h)g; (18b)

(c) Free Entry: � t (0) 6 c;

(d) Optimal Application: 8C 2 D ,

ut (C; m) 6 Ut and qt (C; m) > 0 (18c)

with complementary slackness;

(e) Optimal Quitting: 8C 2 Ct either the wage wo speci�ed by C for payment to each

already-hired worker satis�es wo > Ut , or all workers quit the �rm for unemployment.

Proposition 8. Suppose that the production functionx is strictly concave and satis�es

limm!1 x(m) � x(m � 1) = 0 . Then under contracting environments (A1) and (A2), all

equilibria are ine�cient.

Proposition 9. Suppose thatx is strictly concave andq 7!
P n

m=0 g(q; m) is strictly concave

in q for all n > 1. Then under environments (B), (C) and (D), there exists an e� cient

equilibrium.

Propositions 8 and 9 are the dynamic analogs of Proposition 4and Lemma 2 in the

static model. The intuition for the result is that there is no contracting imperfection that

might impede e�ciency in the dynamic model that was not already present in the static

model. E�ciency in the dynamic model requires that �ring and quitting be done e�ciently;

a necessary and su�cient condition for this is that the wage be equal to the marginal social
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value of an unemployed worker. However, this is assured by the fact that contracting is at-

will. If in addition hiring is e�cient, then the free entry co ndition for �rms assures e�cient

entry and therefore the e�ciency of the equilibrium. Finall y, whether hiring is e�cient

depends, as in the static model, on the set of contracting instruments available to the �rm.

Under wage posting, there is in general a con
ict between theneed to promise applicants

a high enough expected payment, and e�cient hiring ex post. Indeed, it is immediately

clear that under environments (A1) and (A2), not every worker is employed every period,

so that Corollary 3 shows that the equilibrium is not e�cient . Under environments (B),

(C), and (D), there exists an e�cient equilibrium since unde r each of these environments,

the �rm can post a contract that o�ers the appropriate value t o workers while ensuring that

it remains e�cient ex post for the �rm to hire all its applicants.

An algorithm for calculating equilibria numerically is suggested by the fact that a �rm's

behavior is a�ected by aggregate conditions only through the equilibrium value of an un-

employed worker,U. Therefore, given a guess forU, I can solve the �rm's problem (18) to

construct the �rm's policy functions for the contract it o�e rs, m 7! C(m; U), and its hiring

behavior, m 7! h(m; l; C (m; U), as a function of the number of workers previously hired,

m. This allows construction of a transition matrix � that desc ribes the evolution of the

distribution of �rm sizes:

(d0;t+1 ; : : : ; dm;t +1 ; : : :)0 = �( d0;t ; : : : ; dm;t ; : : :)0

The steady-state distribution of �rm sizes is then an eigenvector of �; the scale factor is

determined from the fact that in equilibrium the whole popul ation of workers (of mass 1)

is either employed or queueing each period. The �nal condition to check in equilibrium is

that � t (0) = c, and this can be ensured by altering the initial guess forU. This method is

similar to that used in a related setting by Bertola and Caballero (1994).

This completes the characterization of e�cient contractin g in the benchmark dynamic

model. In the remaining sections of the paper, I investigatesome interesting comparative

statics of the model.

3.4 Asymptotic e�ciency of wage posting

The ine�ciency associated with wage posting contracts arises from two features of the

model. First, wages play a dual role: a �rm's wage posting at the same time o�ers appli-

cants ex ante an expected payment, and also alters the �rm's hiring behavior ex post by

committing the �rm to a payment amount to each worker. Second, more than one applicant

can arrive at a �rm simultaneously, so that wages cannot be individually tailored to each

worker so that the two roles of wages do not con
ict and hiring is e�cient. This suggests

that if the length of time for which �rms must commit to a contr act decreases, then the

e�ciency cost of wage posting should decrease. When a �rm canchange the wage it posts
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more quickly, the likelihood that applications will be ine� ciently directed to �rms unwilling

to employ them because of their high posted wage is reduced. In this section I formalize this

intuition and give conditions under which the wage posting equilibrium is asymptotically

e�cient as the length of the period for which �rms post contra cts becomes small.

Denote the length of the period for which �rms post a single contract by s. The dynamic

model described thus far in Section 3 represents the case where s = 1. In the case where

s < 1, then it is necessary to introduce some new notation for thequeueing friction to

indicate its dependence ons. When a massq of applicants direct their applications toward

a mass 1 of �rms, then denote byf (q; m; s) the probability that an individual �rm receives

precisely m applicants. In place of (2) and (3), I assume that the queueing friction now

satis�es
1X

m=0

f (q; m; s) = 1 and
1X

m=0

mf (q; m; s) = ! (q; s); (19)

where for eachq > 0 and s > 0, ! (q; s) 2 (0; q), and ! (�) is strictly increasing and strictly

concave inq for each s > 0. I assume also that ass ! 0, there is a continuously di�eren-

tiable, strictly concave, strictly increasing function � (q) such that as s ! 0, then ! (q; s) =

s� (q) + O(s2� (q)2), f (q;0; s) = 1 � s� (q) + O(s2� (q)2), f (q;1; s) = s� (q) + O(s2� (q)2),

and f (q; m; s) = O(s2� (q)2) for all m > 2.31 The intuition for these requirements is that

as the period length becomes small, then for a constant queuelength q, it should become

unlikely that the �rm receives any workers in a given period, and if it does receive any, then

it should be unlikely that it receives more than one.

In order to focus on the e�ect of changing the contracting environment, it is necessary

to avoid changing the rate at which production or �rm destruc tion occur and to adjust the

discount rate appropriately. I assume that in a period of length s, a �rm with m workers

produces output worth sx(m), and that each active �rm is destroyed with probability s�

(where the realization of this shock is iid across �rms). I also assume that the discount

factor is � s. Let r = � log � , so that � s = e� rs .

Analogously to the notation in Section 2.6, denote byU � (s) the welfare in an e�cient

allocation when the period length iss, and denote by Ue(s) the welfare in the equilibrium

31 To motivate these assumptions, a possible microfoundation is as follows. Suppose that within each
period, workers can direct their search only to contracts as before. During a period, workers gradually meet
individual �rms; once a worker meets a �rm, she submits an app lication to that �rm and then waits for
that �rm's hiring decision under the end of the period, witho ut continuing to search. For � 2 [0; s], denote
by q� the mass of workers (per unit mass of �rms) that have not yet ma naged to submit an application to
some �rm in this period; q� is decreasing in � , and q0 = q is known. Assume that at time � , �rms receive
applications from workers at a Poisson rate of � (q� ), while a worker �nds a �rm to which to apply at a
Poisson rate of � (q� )=q� . This implies that q� satis�es the di�erential equation _q� = � � (q� ), and that at
the end of the period of length s, the total number of applications that will have been submit ted, per unit
mass of �rms, is given by A(q; s) =

R s
0 � (q� ) d� ; these applications will be distributed across �rms accord ing

to a Poisson distribution with parameter A(q), so that the probability that a �rm receives precisely m
applications during the period is given by f (q; m; s) = eA ( q;s ) A(q; s)m =m!. In a period of length s where s is
small, q� is approximately constant for � 2 [0; s], so that the total number of applications received per unit
mass of �rms is A(q; s) = s� (q) + O(s2 � (q)2). The claimed properties for f (q; m; s) follow immediately on
substituting this formula for A(q; s) into the Poisson functional form.
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under wage posting under contracting environment (A2) introduced in Section 3.3. Denote

by �( s) the relative welfare cost of wage posting, de�ned by32

�( s) =
U � (s) � Ue(s)

U � (s)
: (20)

This notation allows me to state an asymptotic e�ciency result.

Theorem 2. If f satis�es (19) then lim s! 0 �( s) = 0 .

That is, as the length of the period for which �rms must post and commit to an un-

changing contract decreases, then the relative welfare cost of wage posting becomes small.

More precisely, the proof of Theorem 2 establishes that ass ! 0, the equilibrium under

wage posting converges to the equilibrium of a continuous-time competitive search economy,

in which there is no coordination friction, but only a matchi ng friction � (�) (that is, if a

mass q of workers apply to a mass 1 of �rms, then the Poisson rate at which each �rm

receives applicants is given by� (q) = lim s! 0 ! (q; s)=s). The e�ciency of wage posting in

this economy is intuitive: the hiring margin becomes trivial, since the probability that two

applicants arrive at the same �rm at the same instant is zero wheneverq is �nite. Therefore,

e�ciency follows as in the benchmark competitive search models, in which �rms wish to

hire only one worker at a time.

Theorem 2 does not address the case in which the friction in the discrete time economy

is a pure coordination friction, so that � (q) � q. The conclusion of the Theorem remains

true in this case. However, the limit economy as the period length s becomes small is

frictionless: all entrant �rms grow instantaneously to the e�cient size, given by solving

maxm
1
m [� �c + x(m)], and there is no frictional unemployment. This is becauseas s ! 0,

�rms �nd it possible to �ll their vacancies in a vanishingly s hort duration; intuitively this

is possible since ass ! 0, the probability of ine�ciently many workers arriving at t he same

�rm in the same period due to coordination failure becomes small. Thus it is e�cient to

send almost all the applications to the most productive vacancies - that is, those posted by

�rms that have few previously-hired workers. These �rms therefore grow very fast. Thus in

this case also, the welfare cost of wage posting decreases to0 as the period lengths becomes

small, although the limiting economy is not frictional.

Theorem 2 identi�es that a crucial factor in determining whether competitive search

equilibrium with wage posting is e�cient is the length of the period to which �rms commit

to a contract. In the case where this period is very short (forexample, the market for day

labor), the Theorem suggests that the welfare gain from posting complicated contracts is

small, and therefore provides a possible reason why simple contractual arrangements might

be observed in this environment. In markets for skilled labor, in which the duration for which

contracts are posted is longer, the model suggests that we should observe such contracts
32 Notice the de�nition of �( �) here is similar to that given by (13) in Section 2.6; however , in that case,

�( �) was a function of the �rm's entry cost, while here it depends on the period length.
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less frequently. Casual empiricism suggests that this is infact the case. Of course, in reality

the length of the period for which contracts are posted by �rms is itself a choice variable.

It seems likely that environments in which the cost of mismatch is higher would be most

likely to be associated with long contracting lengths. Further examination of competitive

search equilibria with endogenous contract posting lengths is a subject for future research.

3.5 Wage dynamics

The dynamic model allows me to examine within-�rm wage dynamics under various con-

tracting assumptions. Under the assumption that contracts signed previously do not con-

strain the �rm's contract o�er today, one might expect that i f the production function x

is concave, the wage o�ered by the �rm should be decreasing with the number of workers

already hired. This is a natural conjecture due to the decreasing marginal product of an

additional worker as the �rm size increases. However, the decision of a �rm on its o�ered

wage is complex: by o�ering a higher wage, the �rm trades o� lower marginal pro�t on

today's new hires with a longer queue length, together with the fact that in the event that

it gets a long realization of its applicant queue, it will not �nd it optimal ex post to hire

so many workers. Notwithstanding these complications, it is possible to provide conditions

under which the conjecture is true. The argument relies on a single-crossing argument

applied to the isopro�t curves of the �rm in ( p; w)-space.

In this section, I consider only steady-state equilibria. This implies that the value of

being an unemployed worker,U, is constant over time, and that �rm behavior changes only

with the growth of the �rm and not with exogenous changes in market conditions.

In order to state the key lemma used in the proof, I need to introduce some notation.

De�ne pm (q) to be the worker's probability of being employed conditional on applying to a

�rm that is willing to hire as many workers as apply up to a maxi mum of m; it follows that

pm (q) =
1
q

m� 1X

l=0

lf (q; l) + mg(q; m) =
1
q

mX

l=1

g(q; l): (21)

(Here the second equality follows by using the de�nition of g(q; m) and reversing the order

of summation.) Let qm be the inverse function for pm . So as to ensure thatqm exists, I

assume in this section that the queueing functionf is such that for each m 2 N, pm is a

strictly decreasing function.33 Suppose that the contracting environment is such that the

�rm's value function can be expressed as a function� (n; q; w), where n is the �rm's number

of workers previously hired,q is the queue length, andw is the wage the �rm o�ers to new

hires, as in the wage-posting contracting environment (A2), for example. Then I can de�ne

33 It is not in general true that qm exists; the argument in this section need not apply if this is the case.
Of course, qm exists if pm is strictly decreasing; it is not di�cult to check that this i s true if f is Poisson.
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Figure 5: The single crossing property

a function ~� : N � (0; 1) � R+ by

~� (n; p; w) = � (n; qm(w)� n (p); w) (22)

where m(w) is the last worker whose net marginal value to the �rm is positive given that

he must be paid wagew. That is, ~� is the pro�t function for the �rm as a function of n, w,

and the probability that a worker gets hired, p.34

I say that ~� satis�es single-crossing if ~� (n; p; w) is non-increasing in p and w, and

if whenever n0; n1 2 N with n0 < n 1, w; w0 > 0, and p; p0; p1 2 (0; 1) are such that

~� (n0; p; w) = ~� (n0; p0; w0) and ~� (n1; p; w) = ~� (n1; p1; w0), then if w < w 0, then p0 > p 1 and

if w > w 0, then p0 < p 1. Intuitively, this condition requires that the isopro�t lo cus through

a given point in (p; w)-space for a �rm with n workers already hired should be steeper than

the isopro�t curve through the same point for a �rm with n0 > n workers already hired.

That is, the more workers the �rm has already hired, the more it prefers, ceteris paribus, to

substitute towards increasing p, via decreasingw and allowing the queue length to adjust

in equilibrium.

Figure 5 shows the intuition for why single-crossing is the appropriate condition to ensure

that wages are decreasing with number of workers previouslyhired. The graph shows three

isopro�t curves for �rms in ( p; w)-space, all of which pass through the point (p� ; w� ). The

34 Note that the de�nition of ~ � (n; p; w) assumes that the �rm will hire as many workers as is incentiv e
compatible for it to do. In particular, if the wage w is such that the �rm is indi�erent about whether or not
to hire the l � 1 or l workers when its realized queue contains at least l workers, then ~� (n; p; w) is calculated
assuming that the �rm hires l workers in that case. It is not di�cult to check that in equili brium this is
how the �rm does in fact behave, since the �rm is indi�erent an d in equilibrium, the �rm acts to maximize
worker utility. This implies that the isopro�t curves, as I d e�ne them, are not closed curves.
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isopro�t curves are for �rms with the same underlying value f unction � but with di�erent

stocks of previously-hired workers. The dashed curve (in three pieces) corresponds to the

�rm with no workers already hired. The middle curve (which li es below the dashed curve

for p low and above it for p high) is that for a �rm which already hired a single worker. Th e

last curve is for a �rm with two previously-hired workers. Wa gesŵ1 and ŵ2 make the �rm

indi�erent between hiring another worker when available or not (and hence correspond to

jumps in the employment probability p asw changes). The single crossing property is clear

in the graph, as is the intuition for why wages should be decreasing with the number of

workers previously hired. If the equilibrium wage posted bynew entrant �rms is w� , then

the dashed isopro�t curve must be tangent to the worker's indi�erence curve at (p� ; w� ).

In this case, the isopro�t curves for �rms with at least one worker previously hired through

(p� ; w� ) cut the indi�erence curve at ( p� ; w� ) and lie strictly below it for w > w � . Therefore,

these �rms earn a lower pro�t by posting any wage abovew� than they do by posting w�

(and in fact, they can do better still by posting a wage slightly less than w� ).

Lemma 4 formalizes the key argument in the proof.

Lemma 4. Suppose the �rm's value function ~� satis�es single-crossing. Then the equilib-

rium wage posted by �rms is non-increasing inn, the number of workers already hired.

Lemma 4 is closely related to familiar monotone comparativestatics results.35 However,

since the �rm's value function ~� need not be strictly increasing inp (when the wagew is such

that the �rm is indi�erent about whether or not to hire the mth worker for some m > 0)

the proof relies in addition on the fact that the worker's ind i�erence curves in (p; w)-space

are downward-sloping and continuous.36

If the queueing function takes the Poisson functional form,then it can be shown that

if the labor market is not too tight, then the �rm's pro�t func tion exhibits single-crossing.

Lemma 5 formalizes this statement.

Lemma 5. Suppose that there are pure Poisson coordination frictions, f (q; m) = e� qqm=m!.

Suppose also that the value function� is concave in the number of workers hired,m, and

satis�es lim m!1 �( m) � �( m � 1) = 0 . Then there exists a�p < 1 such that the �rm's pro�t

function ~� satis�es single crossing for (p; w) 2 [�p;1) � R+ .

The proof of Lemma 5 is non-constructive, in the sense that itdoes not give a formula

for how large �p has to be so that ~� satis�es single-crossing. In particular, �p depends on

how concave the value function is; large values of �p can be required to assure concavity in

cases where the value function increases nearly linearly inm when m is small, and then

increases much slower form large. However, numerical simulations suggest that for a large

35 See, for example, Theorem 3.2 in Athey, Milgrom, and Roberts (1998).
36 Of course, since workers are risk neutral, indi�erence curv es are in fact rectangular hyperbolae, and the

proof in the Appendix uses this fact; however, it is not di�cu lt to modify the proof to use only that the
indi�erence curves are downward-sloping.
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class of production functions (including the Cobb-Douglasexample shown in Figure 5), it

is possible to take �p near 0.

Taking Lemmas 4 and 5 together allows me to state in terms of the primitives of the

problem a result that guarantees that the wages o�ered by �rms are decreasing with the

number of workers already hired.

Theorem 3. Suppose there are pure Poisson coordination frictions and the production

function x is strictly concave and bounded. If the cost of entryc is su�ciently low then

the wages posted by �rms in equilibrium are decreasing in thenumber of workers previously

hired.

Numerical simulations show that the wage can be increasing for non-concave production

functions x. For example, in the case wherex is a step function, simulation suggests that

wages are increasing in the number of workers already hired.This is because if a minimum

number m of workers is required for production, it can be optimal to attract the �rst

worker at a low wage, then, as it becomes increasingly costlyto pay workers already hired,

to increase the wage o�ered in later periods so as to increasequeue length and therefore

decrease the expected amount of time until production can begin.

The empirical importance of Theorem 3 may appear limited since the wage dispersion it

describes is only present for one period. Under all the contracting environments considered

in Section 3.3, previously-hired workers in all �rms are paid a constant wageU that is

the same across all �rms. Generating persistent wage dispersion requires a contracting

environment in which �rms commit to pay workers a constant wage for more than one

period, conditional on hiring them. In this case, the tradeo�s the �rm makes when deciding

what wage to post initially leads to persistent intra-�rm wa ge dispersion. I do not formalize

this environment here due to constraints of space. However,analogs to Lemmas 4 and 5 and

Theorem 3 can be proved in this case (in fact, the proofs are almost unchanged) to show

that under this kind of long-term contracting, wages are again decreasing in the number of

workers previously hired by the �rm. 37

This kind of long-term contracting environment also makes it possible to investigate the

e�ect of contracting restrictions on wage dynamics. For example, one natural restriction

to impose is that newly-hired workers may not be paid a lower wage than workers already

hired by the �rm. This restriction can be motivated by the beh avior of unions, for example,
37 The ability of the �rm to commit to hiring workers for a speci� ed duration is crucial to these intra-�rm

wage dynamics. Once hired, all workers are identical, so there is no incentive ex post for the �rm to pay
higher wages to those workers hired early in the �rm's life hi gher wages. Instead, the �rm has an incentive
to �re higher-paid workers and replace them with new hires wh o are paid lower wages; it is possible to hire
workers at the lower wage because the new lower wage o�ered bythe �rm in the market will be compensated
for by a shorter queue length and hence a higher hiring probability, and also by a longer expected duration
of employment. If the contracting environment is altered so that �rms can commit to pay workers a wage w
for the duration of the employment relationship, but the con tinuation of that relationship is not contractible,
then in equilibrium, the expected duration of a job can be a de creasing function of w; since workers anticipate
this in directing their application decisions, the actual e quilibrium will be complicated and queue lengths
may no longer be increasing in w. Further investigation of this environment is left for furt her research.
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or may be a response to within-�rm fairness concerns.38 In this setting, the argument

used to prove Theorem 3 establishes that for generic parameter values, the �rm o�ers a

constant wagew over time, and in fact, that all �rms that hire always post the same wage

w. Thus there is an interesting interaction between within-� rm contracting restrictions and

the existence of equilibrium wage dispersion. The restriction also has implications for the

growth path of the �rm over time: if �rms all post the same wage , then in equilibrium

all �rms that hire must attract the same queue length and hire workers with the same

probability. This implies that the expected speed at which a �rm hires new workers is

independent of the �rm's size, until the �rm is not so large th at it does not wish to hire any

further. In the less restricted contracting environment of Theorem 3, on the other hand, it

can be shown that the expected growth rate of the �rm decreases over time (otherwise it

could not be optimal for newer �rms to post higher wages). Thus within-�rm contracting

restrictions also can change the qualitative dynamics of �rm size.

4 Conclusion

In a directed search model, what �rms can commit to when they post contracts a�ects

in a fundamental way both the positive and normative conclusions that can be drawn.

In this paper, I have shown that when �rms wish to hire multipl e workers, in general

simple wage posting contracts do not decentralize the e�cient allocation. There are other

contracting environments that do so, although these eitherrequire stronger commitment

power on the part of �rms (for example, �rms should be able to commit to hiring a �xed

number of workers in addition to a wage payment), or the ability of �rms to make their

payments to workers contingent on the number of applicants that they receive. In the

benchmark competitive search environment in the literature in which �rms wish to hire

only a single worker, the importance of the contracting environment is somewhat obscured,

since a complete contingent contract can be implemented simply by posting a wage and,

implicitly, a commitment by the �rm to employ precisely one w orker.

Wage posting, on the other hand, is appealing for theoretical and empirical reasons. I

established that in addition, it is approximately e�cient w hen labor market tightness is very

low or very high, or, in a dynamic model, when the duration of time for which �rms commit

to their posted contracts is short. On the other hand, if the length of a period is longer,

then coordination frictions become more important; the model then implies interesting wage

dynamics, implying that smaller, more productive �rms grow faster and post higher wages.

The model thus identi�es the duration of commitment to a wage contract by a �rm as a key

variable in the interpretation of the model: day labor markets di�er fundamentally from

labor markets like that for academics that clears only annually.

The paper also suggests some natural directions for furtherresearch. The focus of this

38 Bewley (1999, x9.1) provides survey evidence supporting the latter motiva tion.
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paper on the positive side has largely been on wage dynamics in steady-state. The response

of �rms to idiosyncratic shocks in this environment is a natural direction for further research,

as is closer study of the implications of the model for the growth dynamics of �rms.

Appendix

This Appendix contains statements of some results that are not formalized in the text,
together with all technical proofs.

Lemma A.1. The expected production function, de�ned by

 (q) =
1X

m=0

x(m)f (q; m)

is continuous and nondecreasing inq.

Proof. Write x(m) =
P m

l=1 [x(l ) � x(l � 1)]; substituting this into the sum de�ning  (q) and
reversing the order of summation establishes that

 (q) =
1X

m=1

[x(m) � x(m � 1)]g(q; m):

It is immediate that  is nondecreasing inq since for eachm, x(m) � x(m � 1) > 0 and
g(q; m) is nondecreasing inq. To establish continuity, observe that for q0 > q, we have that

 (q0) �  (q) =
1X

m=1

[x(m) � x(m � 1)][g(q0; m) � g(q; m)]

6 sup
m> 1

[x(m) � x(m � 1)] �
1X

m=1

[g(q0; m) � g(q; m)]

= sup
m> 1

[x(m) � x(m � 1)] � (� (q0) � � (q)) :

The last line follows using (3). Note that since� is concave,� (q0) � � (q) 6 � 0(0)(q0� q); since
0 6 � (q) 6 q, it follows by the squeeze principle that 06 � 0(0) 6 1, so that � (q0) � � (q) 6
q0� q. Also note that sincex is bounded, then supm> 1[x(m)� x(m� 1)] 6 supm> 1 x(m) < 1 .
Thus for q0 > q, it follows that 0 6  (q0) �  (q) 6 supm> 1[x(m) � x(m � 1)] � (q0 � q), so
that  is continuous as claimed (in fact, note that we have shown thestronger result that
 is Lipschitz).

Proof of Proposition 1. The fact that any Pareto optimal allocation solves the optimization
problem (6) is immediate from the preceding discussion: themaximand is an expression for
social welfare, and the constraint is an accounting constraint that the number of applications
should not exceed the population.

To see that the maximum exists, �rst let �x = supm x(m). By (2),
P 1

m=0 f (q; m) = 1; it
follows that

P 1
m=0 x(m)f (q; m) 6 �x. Let x̂ = supq> 0

P 1
m=0 x(m)f (q; m). If x̂ < c then the

maximum value of the planner's problem is 0, attained by not having any �rms enter (that
is, � is a null measure). Otherwise there existsq = q̂ such that � c+

P 1
m=0 x(m)f (q̂; m) > 0.

Denote by V the value of the objective when� is an atomic measure placing mass 1=q̂ on
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q̂ (that is, V = 1
q̂ [� c +

P 1
m=0 x(m)f (q̂; m)]). Now, suppose that � is any measure placing

positive mass on someq for which 1
q [� c +

P 1
m=0 x(m)f (q; m)] < V . Then it is clear that

the value of the objective can be increased by shifting all the mass� places on such aq to
q̂. But if q > V=(� c + �x), then

1
q

"

� c +
1X

m=0

x(m)f (q; m)

#

6
1
q

[� c + �x] < V:

Hence we can restrict attention to q with support on [0; V=(� c + �x)].
Next, observe that for all q > 0,

1X

m=0

x(m)f (q; m) 6 max
m

x(m)
m

�
1X

m=0

mf (q; m) 6 �x� (q) 6 �xq

where the second last inequality follows from the accounting identity (3). Hence if q < c=�x,
it follows that � c+

P 1
m=0 x(m)f (q; m) < 0. Thus if � is a measure placing any mass on such

q, then the value of the objective can be increased by replacing � with the null measure on
[0; c=�x]. Thus we can further restrict attention to � with support in I = [ c=�x; V=(� c + �x)].

Now, for q 2 I , the function h : q 7! 1
q [� c +

P 1
m=0 x(m)f (q; m)] is continuous. SinceI

is compact, there exists aq� that maximizes h on I . But then for any measure � on I , we
have that

Z

I

"

� c +
1X

m=0

x(m)f (q; m)

#

d� (q) =
Z

I
qh(q) d� (q) 6 h(q� )

Z

I
q d� (q) 6 h(q� ): (23)

Since the maximum is attained for � an atomic measure putting mass 1=q� at q = q� , the
maximum is attained. It is also clear that equality is attain ed in (23) if and only if � places
mass only on thoseq that maximize h. This completes the proof of the Proposition.

Proof of Lemma 1. The existence of aq that maximizes (7) was established above in the
proof of Proposition 1.

To see that q is unique, �rst assume that  is strictly concave, and suppose there exist
q < q0 that both maximize h(q) � 1

q [� c +  (q)]. Then by concavity, for any � 2 (0; 1),

1
�q + (1 � � )q0

�
� c +  (�q + (1 � � )q0)

�
>

1
�q + (1 � � )q0

�
� c + � (q) + (1 � � ) (q0)

�

(24)

=
� [� c +  (q)] + (1 � � )[� c +  (q0)]

�q + (1 � � )q0 : (25)

By addendo, the right side of (25) is equal toh(q) = h(q0). That is, h(�q + (1 � � )q0) >
h(q) = h(q0). This contradicts the assumption that q and q0 were maximizers ofh. Hence
if  is strictly concave, then  has a unique maximizer.

If there exists d > 0 such that  is convex on [0; d] and strictly concave on [d;1 ), then
I claim that h(q) is strictly increasing on [0; d]. To see this, suppose that 0< q < q 0 < d .
By convexity, it follows that if � 2 (0; 1), then  (�q 0) 6 � (q0) + (1 � � ) (0) = � (q);
substitute � = q=q0 to obtain that  (q) 6 q (q0)=q0, or  (q)=q6  (q0)=q0. Sinceq < q0, also
� c=q < � c=q0. Adding the last two inequalities shows that h(q) < h (q0). It follows that on
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[0; d], h is maximized by q = d. Thus the set of maximizers ofh on [0; 1 ) is the same as
the set of maximizers ofh on [d;1 ). On the latter domain  is concave, so the argument
in the previous paragraph establishes that the maximizer isunique.

Proof of claims about Example 1.To show that under the hypotheses of example (a) are
su�cient to ensure the concavity of  , it is helpful �rst to state the following technical
Lemma.

Lemma A.2. The following are equivalent:

(a) q 7!
P 1

m=0 f (q; m)x(m) is concave inq wheneverx is concave in m;

(b) The sequence� 0, � 1,. . . de�ned by

� 0 = f qq(q;0)

� 1 � 2� 0 = f qq(q;1)

� n � 2� n� 1 + � n� 2 = f qq(q; n) for n > 2;

(26)

satis�es � n > 0 for all n;

(c) q 7!
P n

m=0 (n � m)f (q; m) is convex in q for all n > 1;

(d) q 7!
P n

m=1 g(q; m) is concave in q for all n > 1.

The equivalence remains true if `concave' is replaced by `strictly concave', `convex' by
`strictly convex', and weak inequality by strict inequality throughout.

Proof. I prove (a) , (b) , (c) , (d) , (e).

(a) ) (b) De�ne the sequencef � ng as in (b). Then it's easy to check by comparing coe�cients
on each termx(m) that

1X

m=0

f qq(q; m)x(m) =
1X

m=0

� m [x(m + 2) � 2x(m + 1) + x(m)] : (27)

Next, let n 2 N, and consider the function x(m) = min f m; n + 1g. It's easy to check
that for this function,

x(m + 2) � 2x(m + 1) + x(m) =

(
0 m 6= n

� 1 m = n:

Sincex(�) is concave, it follows from (a) that the left side of equation (27) is negative.
But the right side is equal to � � n , so � n > 0.

(b) ) (a) Immediate from (27) and the fact that x(m + 2) � 2x(m + 1) + x(m) 6 0 for all m is
equivalent to concavity of x(�).

(b) , (c) An easy induction on the de�nition of � n establishes that for n > 1,

nX

m=0

(n � m)f qq(q; m) = � n� 1:

The result follows immediately.
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(c) , (d) Note that max f n � m; 0g = n � minf m; ng and that

nX

m=1

g(q; m) =
nX

m=1

1X

l= m

f (q; l) =
1X

l=1

min f l;n gX

m=1

f (q; l) =
1X

l=1

minf l; ngf (q; l) (28)

where the second equality follows by reversing the order of summation. Hence

nX

m=0

(n � m)f (q; m) =
1X

m=0

maxf n � m; 0gf (q; m)

=
1X

m=0

[n � minf m; ng]f (q; m)

= n �
nX

m=1

g(q; m);

the last line follows from (2) and (28). The result follows immediately since the
negative of a convex function is concave, and vice versa.

The proofs with strict concavity, convexity and inequality are almost identical.

The equivalence of (a) and (d) in Lemma A.2 establishes the su�ciency of the hypotheses
in part (a) of Example 1 for the concavity of  . The uniqueness of the optimalq then follows
from Lemma 1.

In the case of part (b) of Example 1, note that g(q; n) is just a constant multiple of  
(this is clear once the functional form of x = xS

n has been substituted). Thus under the
hypotheses aboutg, it is again immediate from Lemma 1 that the optimal q is unique.

To complete the proof of the claims in Example 1, note that if f (q; m) is Poisson, then

the conditions of Lemma A.2 are satis�ed. In particular, if f (q; m) = e� � ( q) � (q)m

m! , we have
that

f qq(q; m) =

8
>>>>>>>><

>>>>>>>>:

� � 00(q)e� � (q) + � 0(q)2e� � (q) m = 0

� 00(q)e� � (q) [1 � � (q)] + � 0(q)2e� � (q) [� 2 + � (q)] m = 1

� 00(q)e� � (q)
�

� (q)m� 1

(m � 1)!
�

� (q)m

m!

�

+ � 0(q)2e� � (q)
�

� (q)m� 2

(m � 2)!
� 2

� (q)m� 1

(m � 1)!
+

� (q)m

m!

� m > 2:

(29)

An easy induction then veri�es that

� m = � 0(q)
e� � (q) � (q)m

m!
� � 00(q)e� � (q)

mX

l=0

� (q) l

which is nonnegative since� 00(q) 6 0 and all other terms are nonnegative. Thus condition
(b) of Lemma A.2 is satis�ed. In the step function case, note that g(q; n) =

P 1
m= n f (q; m) =

1�
P n� 1

m=0 f (q; m), so by (29), it can be veri�ed that gqq(q;1) = e� � (q)
�
� 00(q) � � 0(q)2

�
, which

is non-positive since� is nondecreasing and concave. Ifn > 2 then similarly

gqq(q; n) = e� � (q) � (q)n� 2

(n � 1)!
� 0(q)2

�
(n � 1) � � (q)

�
1 �

� 00(q)
� 0(q)2

��
:
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If � : q 7! � (q)
�

1 � � 00(q)
� 0(q)2

�
is nondecreasing inq, then there is d 2 (0; 1 ] such that gqq(q; n)

is positive for q < d and non-positive for q > d, as claimed. Note that � (q) > � (q), so if
� (q) ! 1 as q ! 1 , then for q large enough,gqq(q; n) < 0, so that d < 1 .

Proof of Proposition 2. Suppose thatC � and q� are as in the statement of the Proposition.
If � is the atomic measure that places mass 1=q� on C � and zero mass on all other contracts,
h(m; C � ) = m for all m 2 N, q(C � ) = q� and q(C) is de�ned using Optimal Application
for all other C 2 D , and U � = 1

q� [� c +
P 1

m=0 x(m)f (q; m)], then it is easy to check that
(ff C � g; �; f h(�g; qg; U � ) is a feasible allocation.

Optimal Hiring is true by de�nition of h(�). Optimal Application is true by construction
of q(�). It remains to check that Pro�t Maximization and Free Entry hold. For the contract
C � , this is immediate from assumption (c) in the statement of the Proposition. Suppose
C 2 D is an arbitrary contract. By Optimal Application, either q(C) = 0 or q(C) > 0 and

1
q(C)

1X

m=0

W (m; h(m; C)) f (q(C); m) = U � (30)

If q(C) = 0 then Pro�t Maximization is trivially satis�ed as c > 0. Otherwise we know by
assumption (b) in the statement of the Proposition that

1
q(C)

"

� c +
1X

m=0

x(m)f (q(C); m)

#

6
1
q�

"

� c +
1X

m=0

x(m)f (q� ; m)

#

= U � (31)

It follows that the pro�t from posting the contract C is given by

�( C) = � c +
1X

m=0

[x(h(m; C)) � W (m; h(m; C))] f (q(C); m)

= � c +
1X

m=0

x(h(m; C)) f (q(C); m) �
1X

m=0

W (m; h(m; C)) f (q(C); m)

6 � c +
1X

m=0

x(m)f (q(C); m) �
1X

m=0

W (m; h(m; C)) f (q(C); m)

6 U � � U � = 0 :

Here the second line follows since for allm 2 N, h(m; C) 6 m, so that x(m) > x(h(m; C)),
and the third line follows from (30) and (31). Since C 2 D was arbitrary, this completes
the proof.

Proof of Proposition 3. The proof consists of three steps. In step (a), I show that in any
equilibrium, any wage w posted by a positive mass of �rms attracts a queue lengthq such
that ( w; q) satis�es (11) and therefore maximizes the utility of workers subject to the zero
pro�t constraint for �rms. In step (b), I show that if ( w; q) satis�es (11), then there exists
an equilibrium in which all �rms post w and attract queue length q. Finally, in step (c), I
show that the maximum in (11) exists.

(a) Let ffC ; �; H ; qg; U � g be an equilibrium. First, if w� 2 C, then it follows from Pro�t
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Maximization (PM) that q(w� ) > 0. Hence from Optimal Application (OA), it follows that

1
q(w� )

1X

m=0

w� h(m; w � )f (q(w� ); m) = U � : (32)

Suppose that there exists ^q > 0 and ŵ 2 D such that

1
q̂

1X

m=0

ŵh(m; ŵ)f (q̂; m) > U � : (33)

and

� c +
1X

m=0

[x(h(m; ŵ)) � ŵh(m; ŵ)]f (q̂; m) 6 0: (34)

By OA, we also know that q(ŵ) = 0 or

1
q(ŵ)

1X

m=0

ŵh(m; ŵ)) f (q(ŵ); m) < U � ; (35)

also, sinceŵ =2 C, by PM we know that

� c +
1X

m=0

[x(h(m; ŵ)) � ŵh(m; ŵ)]f (q(ŵ); m) < 0: (36)

Now, it follows from Optimal Hiring (OH) that x(h(m; w)) � wh(m; w) > 0 is weakly
increasing in m (this follows from the de�nition that h(m; w) maximizes x(h) � wh for
h 2 f 0; 1; : : : ; mg; increasingm increases the size of the set from whichh can be chosen, and
so must weakly increase the value of the maximum). Moreover,if w < x (1) then h(1; w) = 1
and x(h(1; w)) � wh(1; w) > 0, while if w > x (1) then x(h(m; w)) � wh(m; w) = 0 for all m.
Now from (33), it follows that either U � = 0 (in which case the equilibrium is trivial and no
such contract w� exists), or ŵh(m; ŵ) > 0 for somem, in which caseŵ 2 (0; x(1)). Thus
x(h(m; ŵ)) � ŵh(m; ŵ) is non-decreasing and strictly positive for all m > 1. Sinceg(q; m)
is strictly increasing in q for m > 1, it follows that

q 7! � c +
1X

m=0

[x(h(m; ŵ)) � ŵh(m; ŵ)]f (q; m)

= � c +
1X

m=1

f [x(h(m; ŵ)) � ŵh(m; ŵ)] � [x(h(m � 1; ŵ)) � ŵh(m � 1; ŵ)]gg(q; m)

is strictly increasing in q. Comparing (34) and (36) then shows thatq(ŵ) < q̂.
On the other hand, since the production functionx(�) is concave, it follows from Optimal

Hiring (OH) that h(m; w) = min f m; m � g, where m� is the largest value ofm for which the
marginal product of the mth worker is at least w (that is, x(m)� x(m� 1) > w). Substituting
the functional form of h(m; w) and rearranging the summation shows that

1X

m=0

wh(m; w)f (q; m) = w
m � (w)X

m=1

g(q; m)
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Denote this expression by� (q; w). By assumption, � (q; w) is strictly concave in q for any
�xed w < x (1). Sinceg(0; m) = 0 for all m > 1, also� (0; w) = 0. Thus � (�; w) is a concave,
increasing function with � (0; w) = 0. It follows that

q 7!
1
q

1X

m=0

wh(m; w)f (q; m) (37)

is strictly decreasing in q. Comparing (33) and (35) then shows that q̂ < q(ŵ). This con-
tradicts the earlier deduction that q(ŵ) < q̂. Thus no such (q̂;ŵ) exists, so that (q(w� ); w� )
solves (11).

(b) Suppose that (q� ; w� ) solves (11). Let � be the atomic measure that places mass
1=q� on w� and zero mass on all other wage contracts,h(m; w � ) be determined by OH (so
that h(m; w � ) = min f m; m � (w� )g where m� (w� ) is de�ned as in part (a)), q(w� ) = q� and
q(w) is de�ned using OA for all other w > 0, and U � = 1

q� [� c +
P 1

m=0 x(m)f (q; m)]. It
is easy to check thatff C � g; �; f h(�g; qg is a feasible allocation. I claim that, together with
utility level U � , it is also an equilibrium.

To see this, note that OH and OA are satis�ed by construction. It remains to check
that PM holds. For the wage w� , this is immediate from the de�nition of ( q� ; w� ). Suppose
w > 0 is an arbitrary wage. By OA, either q(w) = 0 or q(w) > 0 and

1
q(w)

1X

m=0

wh(m; w)f (q(w); m) = U � (38)

If q(w) = 0 then PM is trivially satis�ed as c > 0. Suppose thatq(w) > 0, so that (38)
holds and w > 0, and suppose that PM fails. Then

� c +
1X

m=0

[x(h(m; w)) � wh(m; w)]f (q(w); m) > 0:

Since the pro�t of the �rm is continuous and increasing in the queue length, and is equal to
� c if q = 0, it follows by the intermediate value theorem that there exists a q0 2 (0; q(w))
such that

� c +
1X

m=0

[x(h(m; w)) � wh(m; w)]f (q0; m) = 0 : (39)

By the argument that established that (37) is strictly decreasing in q, it follows from (38)
that

1
q0

1X

m=0

wh(m; w)f (q0; m) > U � : (40)

Together, (39) and (40) contradict the assumption that (q� ; w� ) solves (11). Thus PM is
satis�ed for the wage w. Sincew > 0 was arbitrary, it follows that ( ff C � g; �; f h(�g; qg; U � )
is an equilibrium.

(c) It remains to establish that the maximization problem in (11) always has a solu-
tion. The intuition for the argument is that the zero-pro�t c onstraint always de�nes a set
consisting of �nitely many continuous curve segments, plusanother set which may contain
in�nitely many segments but where w is so low that utility cannot be maximized there.
The result then follows from standard properties of continuous functions. Figure 1 in the
main text may help to visualize the argument.
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Suppose (q0; w0) satis�es the zero-pro�t constraint for �rms, and let ! = w0p(q0; w0).
Then since! is a feasible expected utility level for workers, it followsthat no �rm can o�er
w < ! in any equilibrium. Now since limm!1

x(m)
m = 0, there is �m 2 N such that for w > !

and m > �m, the �rm would prefer to shut down than hire m workers at wagew (that is,
x(m) � wm < 0). Thus h(m; w) 6 �m for all m 2 N and all w > ! , and h(m; w) = h( �m; w)
for all m > �m and all w > ! .

Next, �x m and note that w 7! h(m; w) is a non-increasing function taking values in
N. (To see that h(m; �) is non-increasing, suppose thatw0 > w . Then by de�nition of
h(�), x(h(m; w)) � wh(m; w) > x(h(m; w0)) � wh(m; w0) and x(h(m; w0)) � w0h(m; w0) >
x(h(m; w)) � w0h(m; w). Rearranging these two inequalities gives that

w0[h(m; w) � h(m; w0)] > x(h(m; w)) � x(h(m; w0)) > w[h(m; w) � h(m; w0)]

from which it follows that ( w0� w)[h(m; w) � h(m; w0)] > 0, so sincew0 > w it follows that
h(m; w) > h(m; w0) as desired.) Therefore,h(m; �) has �nitely many discontinuities; and
sinceh(m; w) � h( �m; w) for all m > �m, it follows that there are only �nitely many values of
w > ! for which the function w 7! f x(h(m; w)) g1

m=0 is not constant. Denote these values
by w1 < w 2 < : : : < w K � 1, and set w0 = ! < w 1 and wK = supm

� c+ x(m)
m . Then on each

set Sk � R+ � [wk ; wk+1 ], the function

(q; w) 7! � c +
1X

m=0

[x(h(m; w)) � wh(m; w)] f (q; m)

is continuous and decreasing inw for each q, so its zero set, that is, the �rms' zero-pro�t
locus restricted to Sk , can be written as a setZk � (� (w); w) where � : [wk ; wk+1 ] ! R+

is continuous. Since the functionalu : (q; w) 7! wp(q; w) is continuous on Sk and Zk � Sk

is compact, it follows that u attains its maximum on Zk . Since there are only �nitely
many such setsZk , it follows that u attains its maximum on

S
k Zk . Since no �rm can

pro�tably o�er a wage larger than wK and since by construction u is not maximized for
w < ! , it follows that u attains its maximum also when (q; w) is allowed to vary over all of
R+ � R+ .

Proof of Proposition 4. (i) Since in equilibrium w > 0, if lim m!1 [x(m) � x(m � 1)] = 0
then there exists m > 0 such that x(m) � x(m � 1) > w > 0. The claim now follows
from Corollary 2.

(ii) Suppose x is strictly concave. Choosew 2 (x(2) � x(1); x(1)) (so that because of
the concavity of x, h(m; w) = min f m; 1g for all m). Then chooseq large enough
that wp(q; w) > x (2) � x(1) also. For c = [ x(1) � w]g(q;1), this (q; w) satis�es the
zero-pro�t condition. Thus if ( q� ; w� ) is an equilibrium allocation then w� p(q� ; w� ) >
wp(q; w) > x (2) � x(1), so in that allocation, h(m; w � ) = min f m; 1g for all m also.
Thus the equilibrium is not e�cient by Corollary 1.

Proof of Proposition 5. First, observe that the �rm's optimal hiring policy is h(m; w) = n
if m > n and w 6 1, and h(m; w) = 0 otherwise. Therefore the �rm's zero-pro�t condition
is given by

� c + n(1 � w)g(q; n) = 0 (41)
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and the worker's indi�erence curve takes the form

U =
wng(q; n)

q
: (42)

Chooseq� to be an e�cient queue length, chosen to solveq� = argmax q
1
q [� c + ng(q; n)].

q� exists by Proposition 1. Then set w� = 1 � c
ng(q� ;n) . Clearly w� 2 (0; 1), so that

x(h(m; w � )) = x(m) for all m 2 N. Then it is easy to check that for the contract w� (that
is, W (m; h) = mw � and X (m) � N), the assumptions of Proposition 2 are satis�ed. Thus
an e�cient equilibrium exists as desired.

Proof of Lemma 2. The proof consists of checking that under each of environments (B),
(C) and (D), there exists a contract that satis�es the condit ions of Proposition 2 and is
therefore part of an e�cient equilibrium.

De�ne q� to be an e�cient queue length; that is, q� solves

max
q> 0

1
q

"

� c +
1X

m=0

x(m)f (q; m)

#

(43)

and the value of this expression evaluated atq = q� is nonnegative.
First, under environment (D) (when direct payment for appli cations is feasible), letC

be a contract under which W (m; h) = am and X (m) � N (that is, the �rm commits to an
application payment a and no restriction on hiring). Thus x(h) = W (m; h) = x(h) � am
is maximized by setting h = m, so that h(m; C) = m for all m 2 N. Now choosea > 0 so
that condition (c) of Proposition 2 is satis�ed: that is,

� c +
1X

m=0

[x(m) � am]f (q� ; m) = 0 ;

or

a =
1
q�

"

� c +
1X

m=0

x(m)f (q� ; m)

#

:

Note a > 0 by de�nition of q� . It follows that contract C and queue lengthq� satis�es the
assumptions of Proposition 2, so that there exists an e�cient equilibrium in which all �rms
post C and attract queue length q� .

Next, environment (B) also allows the contract same contract C used under environment
(D) to be posted (by setting M = 1 , or equivalently, X (m) = f m; m + 1 ; : : :g). Thus the
same allocation is again an e�cient equilibrium.

Last, if lotteries are allowed as in environment (C), then consider a contract C in which
a wage lottery f w1; w2; : : :g is posted with no restriction on hiring (that is, X (m) � N).
Then note that W (m; m) =

P m
l=1 wl for all m. Thus (C; q� ) satis�es condition (a) of 2 if

hiring is e�cient, which can be ensured if for each m,

0 6 wm 6 x(m) � x(m � 1): (44)
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Condition (b) is satis�ed by de�nition of q� . Condition (c) requires that

� c +
1X

m=0

"

x(m) �
mX

l=1

wl

#

f (q� ; m) = 0 : (45)

To check that f w1; w2; : : :g can be chosen to satisfy both (44) and (45), rewrite (45) as

� c +
1X

m=0

[x(m) � x(m � 1) � wm ] g(q� ; m) = 0 : (46)

The right side of (46) is continuous in each wagewl . wl . Setting w� = x(m) � x(m � 1)
for each � 2 N makes side of (46) equal to� c < 0. Setting w� = 0 for each � 2 N makes
the left side of (46) equal to (43) which is nonnegative by assumption. Thus by continuity,
there exists a wage vectorf w1; w2; : : :g satisfying both (44) and (45), and therefore ensures
that ( C; q� ) satis�ed the hypotheses of Proposition 2. This completes the proof.

Proof of Theorem 1. (a) It follows from the concavity of x together with the accounting
identity (3) that

1X

m=0

x(m)f (q; m) <
1X

m=0

mx(1)f (q; m) = � (q)x(1) 6 qx(1): (47)

Hence if � is a measure on [0; 1 ) satisfying
R1

0 q d� (q) = 1 then

Z 1

0

"

� c +
1X

m=0

x(m)f (q; m)

#

d� (q) 6
Z 1

0
[� c + qx(1)] d� (q) 6 x(1):

It follows by the characterization of the e�cient allocatio n in Proposition 1 that U � (c) 6
x(1) for all c > 0.

Next, by Proposition 3, if w and q satisfy

c =
1X

m=0

[x(h(m; w)) � wh(m; w)]f (q; m) (48)

then

Ue(c) >
1
q

"

� c +
1X

m=0

x(h(m; w)) f (q; m)

#

: (49)

Suppose that w 2 (x(2) � x(1); x(1)), so that h(m; w) = max f 1; mg. Then (48) simpli�es
to

c = [ x(1) � w]f (q;1): (50)

By assumption f (q;1) is continuous in q and lim q ! 0f (q;1)=q = 1, so there exists an
open interval (0; C) and functions w; q : (0; C) ! (0; 1 ) such that for each c, w(c) and
q(c) satisfy (50), and so that as c ! 0, we have that w(c) ! x(1), q(c) ! 0 and c

q(c) ! 0.

(One possibility is to set q(c) = c1=2 and then use (50) to de�ne w(c); it's easy to check the
assumptions onf ensure thatw(c) is de�ned on an open interval (0; C) and that w(c) ! x(1)
as c ! 0.) In particular, by rede�ning C if necessary, assume without loss of generality
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w(c) 2 (x(2) � x(1); x(1)) for c 2 (0; C). Then for each c, it follows from (49) that

Ue(c) >
1

q(c)
[� c + x(1)f (q(c); 1)] (51)

! x(1) as c ! 0:

Since we know that Ue(c) 6 U � (c) 6 x(1) for all c, the result follows immediately.
(b) Let �x = lim m!1 x(m). For each c 2 (0; �x), let q� (c) be a value ofq in the support

of the measure� that solves the social planner's problem (6). I claim that q� (c) ! 1 as
c ! �x. To see this, �rst note that for each c, � c +

P 1
m=0 x(m)f (q� (c); m) > 0 (or else the

planner could do better by not having �rms with queue lengths in some neighborhood of
q enter and by reallocating their workers to other �rms). Now since

P 1
m=0 f (q; m) = 1 by

(2) and x is nondecreasing, it follows that
P 1

m=0 x(m)f (q; m) 6 �x. Hence that asc ! �x,
we must have that

1X

m=0

x(m)f (q� (c); m) ! �x: (52)

Since
P 1

m=0 f (q; m) = 1 by (2), the left side of the preceding expression is just aweighted
average of the values ofx(m) for m 2 N. It follows that for any l 2 N, g(q� (c); l ) =P 1

m= l f (q� (c); m) ! 1. However, from (3) we know that
P 1

m=0 mf (q� (c); m) = � (q� (c)).
It follows that

� (q� (c))
l

=
1
l

1X

m=0

mf (q� (c); m) >
1X

m= l

f (q� (c); m) ! 1:

Thus lim inf c! �x q� (c) > l ; but l 2 N was arbitrary, so � (q� (c)) ! 1 asc ! �x, soq� (c) ! 1
as c ! �x.

Proceeding similarly to the proof of part (a), it follows fro m Proposition 3 that if

(q; w) =
�

q� (c); q� (c)U � (c)
� (q� (c))

�
satisfy (48), then Ue(c) > q� (c)U � (c)

� (q� (c)) p
�

q� (c); q� (c)U � (c)
� (q� (c))

�
. Hence

to establish the result, it su�ces to show that
�

q� (c); q� (c)U � (c)
� (q� (c))

�
satisfy (48) and that

p
�

q� (c); q� (c)U � (c)
� (q� (c))

�
q� (c)

� (q� (c)) ! 1 asc ! 1 . I establish each of these in turn.
It is convenient to rewrite the production function in terms of queue length by using the

identity g(q; m) =
P 1

� = m f (q; m) to obtain that

 (q) =
1X

m=0

x(m)f (q; m) =
1X

m=1

� (m)g(q; m):

Here, � (m) � x(m) � x(m � 1) denotes the marginal product of themth worker. This allows
the �rst-order condition for the e�cient queue length, q� (c), to be expressed as

 0(q� (c)) =
1

q� (c)
[� c +  (q� (c))] : (53)

Since the right side of this expression is precisely the expression for social welfare, observe
for future reference that U � (c) =  0(q� (c)), so that from (56),

q� (c)U � (c)
� (q� (c))

6 � (s(q� (c))) : (54)
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Also, multiplying both sides of (53) by q� (c), it follows that

0 = � c +
1X

m=1

� (m)g(q� (c); m) � q� (c)U � (c)

= � c +
1X

m=1

�
� (m) �

q� (c)U � (c)
� (q� (c))

�
g(q� (c); m)

6 � c +
1X

m=1

max
�

0; � (m) �
q� (c)U � (c)

� (q� (c)

�
g(q� (c); m) (55)

where the second equality follows from (3). It's easy to check that the right side of (55)
gives the pro�t of a �rm o�ering wage q� (c)U � (c)

� (q� (c)) with queue length q� (c); this is therefore
positive as desired.

Now supposes : R+ ! N satis�es (14). Assume also without loss of generality that

lim
q!1

1X

m= s(q)

f (q; m) = 1 (56)

(Reducing s(q) only relaxes (14); sincem=� (q) converges almost surely to 1 by Lemma A.3
below, it's possible to do this while still ensuring that s(q)=� (q) ! 1.) Then since the
probability of a worker being hired, p(q; w), is non-increasing inw, it follows from (54) that

p
�

q� (c);
q� (c)U � (c)
� (q� (c))

�
q� (c)

� (q� (c))
> p(q� (c); � (s(q� (c))))

q� (c)
� (q� (c))

>

2

4 s(q� (c))
q� (c)

1X

m= s(q� (c))

f (q� (c); m)

3

5 q� (c)
� (q� (c))

; (57)

where the last inequality follows since each �rm that receives at least s(q� (c)) applicants
hires preciselys(q� (c)) of them. By assumption, the right side of equation (57) converges
to 1 as c ! 1 and hence asq� (c) ! 1 . This completes the proof of part (b).

If f (q; m) = e� � (q) � (q)m =m!, then f (q;1) = � (q)e� � (q) . Hencef (q;1)=q = e� � (q) � (q)=q.
If � (q)=q ! 1 as q ! 0, then f (q;1)=q ! 1 as claimed in part (a). To see that the
conditions in (b) are satis�ed for f (q; m) = e� qqm =m! and for x(m) = Am � for A > 0
and � 2 (0; 1) note that as m ! 1 , � (m) = O(m� � 1), while by Lemma A.3 below, as

q ! 1 , Pr(
�
�
� m

q � 1
�
�
� > " ) = O(q� 1=2(1 + ")� "q ). Thus it's possible to chooses(q) so that

s(q)=q ! 1 slowly enough that (56) holds, but fast enough that
P 1

m=0 x(m)f q(q; m), which
in the Poisson case is equal to

P 1
m=0 � (m + 1) f (q; m), can be bounded in terms of� (s(q)).

To see this more formally, for each" > 0, let � (" ) be such that for all q > � (" ),

X

�

�

�

m
q � 1

�

�

�

>"

f (q; m) <
1

� (1)
[� (bq(1 � 2"c)) � � (bq(1 � "c))] : (58)

Here btc denotes the largest integer not less thant. It is possible to satisfy (58) since
� (bq(1 � 2")c) � � (bq(1 � " )c) = O(q� � 1) for �xed " > 0. Next, for each q > 0, set
s(q) = qb1 � 2"̂ (q)c, where "̂ (q) is the least " > 0 such that � (" ) 6 q. Clearly s(q)=q ! 1
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and
P 1

s(q) f (q; m) ! 1 asq ! 1 . Finally, if q > 0 and " = "̂ (q), then

1X

m=0

� (m + 1) f (q; m) 6 � (1)
X

�

�

�

m
q � 1

�

�

�

>"

f (q; m) +
X

�

�

�

m
q � 1

�

�

�

6 "

� (m + 1) f (q; m)

6 [� (bq(1 � 2")c) � � (bq(1 � " )c)] + � (bq(1 � " )c) = � (s(q)) :

This completes the proof.

Lemma A.3. Suppose the coordination friction takes the Poisson functional form f (q; m) =
e� qqm

m! . Then as q ! 1 ,

Pr(

�
�
�
�
m
q

� 1

�
�
�
� > " = O(q� 1=2(1 + ")� "q ):

In particular, m
q ! 1 almost surely asq ! 1 .

Proof of Lemma A.3. Let " > 0. For i = 0 ; 1; 2, let si denote the least integer greater than
(1 + i" )q. Then

X

m> (1+2 " )q

e� qqm

m!
=

e� q

qs2
s2!

�
1 +

q
s2 + 1

+
q2

(s2 + 1)( s2 + 2)
+ : : :

�

6
e� qqs2

s2!

1X

j =0

�
q

s2 + 1

� j

=
1

1 � q
s2+1

e� qqs0

s0!

 
s1 � 1Y

m= s0

q
m

!  
s2 � 1Y

m= s1

q
m

!

6
1 + 2"

2"
e� qqs0

s0!
� 1s1 � s0 �

�
1

1 + "

� s2 � s1

6
1 + 2"

2"(1 + ")"q� 1

e� qqs0

s0!
: (59)

Also, for i = 0 ; 1; 2 let t i denote the greatest integer less than (1� i" )q. Then similarly we
have

X

m< (1� 2" )q

e� qqm

m!
=

e� q

qt2
t2!

�
1 +

t2

q
+

t2(t2 � 1)
q2 + : : : +

t2!
qt2

�

6
e� qqt2

t2!

1X

j =0

�
t2

q

� j

=
1

1 � t2
q

e� qqt0

t0!

 
t1Y

m= t2 +1

m
q

!  
t0 � 1Y

m= t1+1

m
q

!

6
1
2"

e� qqt0

t0!
� (1 � " )t1 � t2 � 1t0 � t1 � 1

6
(1 � " )"q� 1

2"
e� qqt0

t0!
: (60)
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Finally, since q � 1 6 t0 < q < s 0 6 q + 1, it follows that for q su�ciently large, also

max
�

e� qqs0

s0!
;

e� qqt0

t0!

�
<

1
2

e� qqq

�( q + 1)
: (61)

where � denotes Euler's gamma function. From (59), (60), and (61) it now follows that

Pr
�

m
q

=2 [(1 � 2")q;(1 + 2")q]
�

<
�

1 + 2"
2"(1 + ")"q� 1 +

(1 � " )"q� 1

2"

�
�

1
2

�
e� qqq

�( q + 1)
(62)

! 0 as q ! 1 :

To see that m=q ! 1 almost surely asq ! 1 note that as q ! 1 , also (1 + ")"q ! 1 ,
(1 � " )"q ! 0, and from Stirling's formula,

p
2�q e� qqq

�( q+1) ! 1 so that e� qqq

�( q+1) ! 0. Also, since

1 � " < 1
1+ " , the right side of (62) is O(q� 1=2(1 + ")� "q ) as claimed. This completes the

proof.

Proof of Proposition 6. Suppose that m
q ! 1 almost surely asq ! 1 . Then for any " > 0

there is a Q = Q(") > 0 such that for all q > Q,

Pr
�

m
q

2 [1 � "; 1 + " ]
�

> 1 � ":

and hencea fortiori
Pr [m > (1 � " )q] > 1 � " ;

that is,

g(q;(1 � " )q) =
1X

m> (1� " )q

f (q; m) > 1 � ":

Now let � = � (" ) 2 N be any integer such that� > (1� " )Q("); then by the above inequality
it follows that

g(
�

1 � "
; � ) > 1 � ": (63)

Finally, for each n 2 N, let � n = inf
n

1
1� " j n > (1 � " )Q(")

o
. Then by (63) and continuity,

it follows that the sequence f � ng1
n=1 satis�es � n ! 1 and g(� n n; n) ! 1 as n ! 1 . It

then follows from the form of the production function and the optimal hiring decision of
�rms that pn(� n n; w) ! 1 for any w < 1 as n ! 1 . (Here pn(q; w) denotes a worker's
probability of being hired by a �rm with production function xS

n when it pays wage w
and the queue length isq.) Then, using Proposition 3 to observe that the equilibrium
qS

n maximizes workers' surplus, given by g(q;n)n� nc1
q = n

q [g(q; n) � c1]. It follows that the
equilibrium queue length qS

n must satisfy

1
qS

n

�
ng(qS

n ; n) � nc1
�

>
n

� nn
[g(� n n; n) � c1] ! 1 � c1: (64)

Since �rms making nonnegative pro�ts cannot pay wages higher than 1 � c1 and cannot
do so with probability greater than one, it follows immediately that wS

n ! 1 � c1 and
p(qS

n ; wS
n ) ! 1 as n ! 1 . Finally, if p(qS

n ; wS
n ) ! 1, then since �rms hire no more than n

workers, it follows that lim sup n
qS

n
n = 1; but then from the zero-pro�t condition and (64)
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it follows also that �rms must produce with probability appr oaching 1 asn ! 1 . That
is, g(qS

n ; n) ! 1 as n ! 1 and lim inf n
qS

n
n = 1. This completes the proof of the general

statements.
Finally, that m

q ! 1 almost surely asq ! 1 when f (q; m) � e� qqm

m! is established in
Lemma A.3.

Proof of Proposition 7. The operator associated with the planner's Bellman equation (17)
is de�ned by V 7! T V, where

T V(d0; d1; : : :) =

max
e;f � m g

"

� ce+
1X

m=0

~dm

Z 1

0

1X

l=0

f (q; l)x(m + l) d� m (q) + �V (d0
0; d0

1; : : :)

#

:

It is clear that T : B (X ) ! B (X ) since x is bounded,
P 1

l=0 f (q; l) = 1 and
R1

0 d� m (q) = 1,
0 < d 0 < D , and

P 1
m=0 mdm 6 1. It is also clear that T is monotonic and discounting

on B (X ), so by Blackwell's conditions for a contraction (Stokey, Lucas, and Prescott, 1989,
Theorem 3.3) and the the contraction mapping theoremT has a unique �xed point. Call
this �xed point V � .

Next, let f dm;t g be any feasible plan in the sequence formulation of the planner's problem
(16a). Then sinced0;t < D for all t > 0, it follows that there is also some boundE > 0 such
that et < E for all t . (Speci�cally, if et �rms enter at time t, then at least (1 � � )(et � 1)
of these �rms survive to time t + 1 and do not employ any workers, since the population
is �xed at 1 and so no more than a mass 1 of �rms can employ anybody.) Thus taking
E = 1 + D=(1 � � ) is su�cient. It follows that for each t,

� E 6 � cet +
1X

m=0

~dm;t

Z 1

0

1X

l=0

f (q; l)x(m + l) d� m;t (q) 6 max
l2 N

x(l)
l

;

the maximum on the right exists becausex is bounded. Hence limt !1 � t V(d0;t ; d1;t ; : : :) =
0, so by Theorem 4.3 of Stokey, Lucas, and Prescott (1989),V � gives the value of the
sequence problem (16a).

The continuity of V � follows from the same argument used to prove Theorem 4.6 in
Stokey, Lucas, and Prescott (1989). It is necessary to applya slight generalization of the
Theorem of the Maximum to this setting (that Theorem does not directly apply since X is
in�nite dimensional but the same proof applies).

Proof of Proposition 8. The fact that no e�cient equilibrium exists in general under con-
tracting environments (A1) and (A2) is immediate from Corol lary 3.

Proof of Proposition 9. I establish the result for the steady-state for simplicity; generalizing
to non-steady-state allocations is not di�cult but complic ates the notation. Let Ue be the
marginal value of an unemployed worker in the e�cient allocation (that is, the Lagrange
multiplier on equation (16e)). Let � e be de�ned recursively by � e(0) = c and

� e(m) = max
q> 0

� 2f 0;:::;m g

�
� (q+ m� � )Ue+

1X

l=0

�
x(m� � + l)+ � (1� � )� e(m� � + l)

�
f (q; l)

�
: (65)
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Let q(m) and � (m) be the associated policy functions. (Equation (65) is the Bellman
equation that characterizes the value of a �rm that is constrained to hire all its applicants
and pay Ue to each applicant and each already-hired worker that it doesnot �re. To
establish existence and uniqueness of the solution, �rst observe that the operator associated
with the Bellman equation is monotonic and discounting. Blackwell's conditions show
that the Bellman operator is a contraction on the space of bounded functions B(N). The
result then follows from the contraction mapping theorem. Finally, the assumptions on
the production function and the matching friction ensure by the proof of Example 1 that
q 7!

P 1
l=0 x(m + l)f (q; l) is concave; the usual argument ensures the same is true of �e.)

In addition, choose the contract o�ers C of �rms so that W n(m; l; h ) = q(m)Ue and
W o(m; l; h ) = mUe (except for �rms which �re workers in equilibrium; for these �rms,
W o(m; l; h ) = ( m � � (m))Ue), and so that hiring is not constrained ex ante (that is,
X (m; l ) � N). This can be done in each of environments (B), (C) and (D) according to
the constructions given in the proof of Lemma 2. Finally, choose the hiring policies of each
�rm to be h(m; l; C ) = l (that is, all applicants are hired, at least for one period). To
complete the de�nition of an allocation, choosef dm g, f ~dm g, and e to satisfy the accounting
constraints (15) given the hiring and �ring policies of �rms , and let � m be atomic on q(m)
for each m 2 N. Finally, assume that workers apply only to jobs from which the expect
payment is at least Ue, and quit jobs that pay wages less than this.

It is not di�cult to check that this de�nes an equilibrium; in deed, Optimal Hiring
and Optimal Application are true by construction. Pro�t Max imization and Free Entry
follow since � e(�) � �( �) by construction, after the hiring and �ring policies of �rm s are
substituted. The allocation is clearly e�cient since the ut ility received by workers is Ue.
To check that no �rm can pro�tably post a di�erent contract th en relies on the obvious
generalization of Proposition 2 to the dynamic setting.

Proof of Theorem 2. The plan of the proof is as follows. I �rst de�ne and characterize the
continuous-time competitive search economy with matchingfriction � (q). Next, I show
that for small period lengths s, the discrete time economies with wage posting when the
period length is s converge to this economy, in a sense to be made precise below.I then
show that under an e�cient contracting environment, the lim it economy is the same; this
su�ces to establish the result. I give the proof for steady state equilibria only; the proof
for arbitrary initial conditions is conceptually very simi lar, but the notation is substantially
more complicated.

First, it is necessary to de�ne an allocation and an equilibrium in continuous time.
These de�nitions are analogous in the obvious way to the de�nitions in discrete time.

De�nition A.1. A steady-state allocation with wage posting in continuous time is a tuple

f (dm )1
m=0 ; e;W; (� m )1

m=0 ; q; Ug

where

� for each m 2 N, dm is the mass of active �rms with m workers already hired;

� e is the mass of �rms per unit time that pay the entry cost to become active;

� W � R+ is the set of wages o�ered by �rms;

� for each m 2 N, � m 2 B(W) is a measure onW such that for each W 0 � W , the mass
of �rms with m workers already hired and o�ering a wagew 2 W 0 is given by � m (W 0),
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and satisfying
� m (R+ n W) = 0 and � m (R+ ) = dm ;

� q : R+ ! R+ is the function mapping wage o�ers to queues; and

� U is the 
ow equilibrium utility of workers.

An steady-state allocation is feasible if

1 =
1X

m=0

dm

�
m +

Z 1

0
q� (q(w)) d� m (w)

�
; (66a)

e = �
1X

m=0

dm (66b)

dm� 1

Z 1

0
� (q(w)) d� m� 1(w) = dm

�
� +

Z 1

0
� (q(w)) d� m (w)

�
8m > 1 (66c)

Note that (66) requires that the number of workers employed at �rms plus those queueing
equal the population, that the number of �rms entering equal the number of �rms exiting
due to exogenous destruction, and that the rate at which new �rms of sizem are created
equal the rate at which they are destroyed, for eachm > 1.

Next, analogously to De�nition 3, I can de�ne a continuous ti me competitive search
equilibrium as follows.

De�nition A.2. A continuous time steady-state competitive search equilibrium is a feasible
steady-state allocation

f (dm )1
m=0 ; e;W; (� m )1

m=0 ; q; Ug

together with a function � c : N ! R+ satisfying the following conditions:

(a) Pro�t Maximization and Optimal Firing: 8m 2 N such that x(m + 1) � x(m) > U,

r � c(m) = max
w> 0

f x(m) + � (q(w)) [� c(m + 1) � � c(m) � w] � mU � � � c(m)g (67a)

with equality for each w 2 W for somem 2 N with dm;t > 0,

and 8m 2 N such that x(m + 1) � x(m) < U , � c(m) = max 06 l6 m � c(l );

(b) Free Entry: � c(0) 6 c;

(c) Optimal Application: 8C 2 D ,

w� (q(w))=q(w) 6 U and q(w) > 0 (67b)

with complementary slackness;

It is useful to establish some results about the pro�t function � c(m) in equilibrium.
First, observe that by Optimal Application, if wm is a wage o�ered by a �rm with m
already-hired workers in equilibrium, then � (q(w))w = q(w)U; thus (67a) can be rewritten
as

(r + � )� c(m) = x(m) + max
q> 0

f � (q) [� c(m + 1) � � c(m)] � (m + q)Ug: (68)
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Since� is strictly increasing, continuously di�erentiable and st rictly concave, the �rst-order
condition for q is necessary and su�cient, provided that a solution exists. This means that
(68) can be further simpli�ed in this case as

(r + � )� c(m) = x(m) + f � (qm ) [� c(m + 1) � � c(m)] � (m + qm )Ug (69)

U = � 0(qm ) [� c(m + 1) � � c(m)] : (70)

If no solution to the �rst-order condition (70) exists, then U > � 0(0) [� c(m + 1) � � c(m)],
and qm = 0. Substituting this in (69) establishes that ( r + � )� c(m) = x(m) � mU.

Next, let m� 2 N be such that x(m� ) � x(m� � 1) > rU
� 0(0) > x (m� + 1) � x(m� ); such

an m� exists wheneverU > 0 since limm!1 x(m)=m = 0 and x(�) is strictly increasing and
strictly concave. I assume that m� > 1: otherwise it is e�cient to have no entry, U = 0,
and the equilibrium is trivial. Then it is immediate that for m > m� , � c(m) = x(m � )� m � U

r + � ,
and that qm > 0 i� m 6 m� � 1. It is also possible to check that � c is concave inm. To
see this, suppose to the contrary that there ism > 0 such that

� c(m + 1) � 2� c(m) + � c(m � 1) > 0: (71)

Let m̂ be the largest value ofm such that this is true, and note that m̂ < m � . By maximality
of m̂, it follows that � c(m̂+2) � � c(m̂+1) > � c(m̂� 1)� � c(m̂). De�ne a function � : R ! R
by � (V ) = max q> 0 � (q)V � qU; it is easy to check that � is nondecreasing. From (69) for
m 2 f m̂ � 1; m̂; m̂ + 1 g, it follows that

(r + � ) [� c(m̂ + 1) � 2� c(m̂) + � c(m̂ � 1)] = T1 + T2 + T3

where

T1 = x(m̂ + 1) � 2x(m̂) + x(m̂ � 1) < 0;

T2 = � (� c(m̂ + 2) � � c(m̂ + 1)) � � (� c(m̂ + 1) � � c(m̂)) 6 0;

and T3 = � (� c(m̂) � � c(m̂ � 1)) � � (� c(m̂ + 1) � � c(m̂)) 6 0:

Thus � c(m̂ + 1) � 2� c(m̂) + � c(m̂ � 1), which contradicts (71) for m = m̂. Thus � c is
concave inm.

Finally, consider the system Sc of 2m� equations given by (69) and (70) for 06 m 6
m� � 1 (and taking U and � c(m� ) for the moment as parameters). The Jacobian ofSc

with respect to (� c(0); q0; : : : ; � c(m� � 1); qm � � 1) takes a block diagonal form, so it is not
di�cult to verify that its determinant is given by

Um �
m � � 1Y

m=0

�
(r + � + � (qm ))

� 00(qm )
� 0(qm )

�
:

This is nonzero by construction ofm� , together with the strict concavity of � . The implicit
function theorem therefore allows me to write � c(0) locally (in a neighborhood of the
solution) as a function of U and parameters, and to verify that

d� c(0)
dU

=
� 1

r + � + � (q0)

�
q0 +

� (q0)(1 + q1)
r + � + � (q1)

�
:

By concavity of � c and the assumption that m� > 1, it follows that � c(1) � � c(0) > U
� 0(0) .
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Thus from the �rst-order condition (70), it follows that q0 > 0. Moreover, if � c(1) � � c(0)
is bounded away from zero (equivalently, if � 0(0) x(1) � U

r + � � U is bounded away from zero,

or if U � � 0(0)
�

1 + � 0(0)
r + �

� � 1
x(1) is bounded away from zero), thend� c(0)=dU is bounded

away from zero also. Note that the equilibrium value of utility U = Uc is that value of U
that implies that the zero pro�t condition, � c(0) = c, holds. Sinced� c(0)=dU is negative
and bounded away from zero, such aU exists and is unique.

Now I return to considering the discrete time case. Let the period length be s. Under
the assumptions on the queueing functionf , the probability that a worker is employed
conditional on applying to a wage w satis�es

ps(q; w) =
1
q

1X

m=1

h(m)f (q; m; s) >
s� (q)

q
+ O(s2)

provided that w is low enough that the �rm wishes to hire at least one additional worker
at wage w if it receives at least one applicant (that is, h(m) > 1 for m > 1). On the other
hand, also

ps(q; w) 6
1
q

1X

m=1

mf (q; m; s) =
s� (q)

q
+ O(s2);

thus ps(q; w) = s� (q)
q + O(s2). It then follows from Optimal Application that the wage the

�rm must o�er in order to attract a queue length q is given by

w(q; s) =
�

s� (q)
q

+ O(s2)
� � 1

sU =
qU

� (q)
+ O(s); (72)

where the last equality holds if lim inf s! 0 � (q)=q > 0; that is, if q is bounded ass ! 0.
I can therefore write the Bellman equation for a �rm with m previously-hired workers

and that does not wish to �re any workers as

� s(m) = max
q

�
O(s2) � msU + [ sx(m) + � s(1 � � )s� s(m)]

�
1 � s� (q) + O(s2)

�

+
�
sx(m + 1) �

qU
� (q)

+ � s(1 � � )s� s(m + 1) + O(s)
�

�
s� (q) + O(s2)

�
�

(73)

It follows that q = qs(m) solvesqs(m) = argmax q f � (q) [� s(m + 1) � � s(m)] � qU + O(s)g.
By the strict concavity of � , and provided that U > 0 and lim inf

s! 0
[� s(m + 1) � � s(m)] > 0,

it follows that
� 0(qs(m)) [� s(m + 1) � � s(m)] = U + O(s): (74)

We can also simplify the Bellman equation (73) by discardinghigher-order terms, to obtain
that

(r + � + � (qs(m))� s(m) = x(m) � (m + q)U + � (qs(m))� s(m + 1) + O(s): (75)

In particular, for m > m� , it follows that � s(m) = x(m � )� mU
r + � + O(s).

Now, consider the systemSs of 2m� equations produced by taking (74) and (75) for
0 6 m 6 m� . As s ! 0, the Jacobian converges element-wise to the Jacobian of the
continuous time analog, Sc. By continuity of the determinant of a matrix in the entries,
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it follows that there is an interval I = (0 ; �s) such that if s 2 I , then the Jacobian of Ss

is invertible. In this case the implicit function theorem can be applied to Ss to express
(� s(0); qs(0); : : : ; � s(m� � 1); qs(m� � 1)) as a function Fs(U; � s(m� )). The mapping � :
I ! C(R+ 2) de�ned by s 7! Fs is continuous (with respect to the uniform norm on C(R+ 2)).
As in the continuous case, one can check thatd� s(0)=dU is bounded away from zero; it is
easy to see this bound can be chosen uniform fors 2 I . Thus, there is a U = Ue(s) such
that the free entry condition � s(0) = c is satis�ed; this Ue(s) is the value of equilibrium
welfare. It follows from the continuity of � that lim s! 0 Ue(s) = Uc.

Finally, consider the equilibrium under a contracting environment in which hiring is
e�cient (for example, environment (D)), and therefore in wh ich the equilibrium is e�cient.
An almost identical argument to the preceding case shows that also in this case, welfare
U � (s) satis�es lim s! 0 U � (s) = Uc. Finally, if sup m

h
� c + x(m)

r + �

i
> 0, then it is easy to verify

that Uc > 0. Thus lims! 0 �( s) = lim s! 0(U � (s) � Ue(s)=U� (s) = 0. This completes the
proof of the Theorem.

Proof of Lemma 4. Suppose ~� = ~� (n; p; w) satis�es single-crossing. Choosen1 > n 0 2 N,
and let ŵ be a wage that it is optimal for the �rm with n0 workers to post in equilibrium.
Suppose that p̂ is the corresponding probability with which a worker applying to the wage
ŵ is employed. Let w0 > w , and suppose thatw0 is small enough that there exists ap0 < p̂
such that ~� (n0; p0; w0) = ~� (n0; p̂; ŵ). Since ŵ is optimal, it follows by the continuity of ~�
that p0w0 6 p̂ŵ. Next, choosew00so that ~� (n1; p0; w00) = ~� (n1; p̂; ŵ). By single-crossing, it
follows that w006 w0.

First suppose that w00 = w0. Let �w 2 (ŵ; w0), and for i 2 f 0; 1g, choose �pi such
that ~� (n i ; �pi ; �w) = ~� (n i ; p̂; ŵ) = ~� (n i ; p0; w0). By single-crossing with respect to (p̂; ŵ) and
�w > ŵ, it follows that �p0 > �p1. However, by single-crossing with respect to (p0; w0) and
�w < w 0, it follows that �p0 < �p1. This is impossible; hencew00< w 0.

It follows that

~� (n1; p̂ŵ=w0; w0) 6 ~� (n1; p0; w0) < ~� (n1; p0; w00) = ~� (n1; p̂; ŵ); (76)

where I have used successively that ~� is non-increasing inp and p0w0 6 p̂ŵ, that~� is strictly
decreasing inw and w00< w 0, and the de�nition of w00. But if ŵ and w0 were both wages
o�ered in equilibrium, then it follows from worker optimiza tion that the probability of
obtaining a job paying w0 must be p̂ŵ=w00. Thus it follows from (76) that the �rm with n1

previously-hired workers strictly prefers to o�er the wage ŵ rather than w1. But w1 > ŵ
was arbitrary, subject only to the constraint of not being so large that even the �rm with n0

workers already hired would always �nd ~� (n0; p̂; ŵ) > ~� (n0; s; w1) for any s, which would
mean that a fortiori the same would be true for the �rm with n1 workers. It follows that any
wage posted in equilibrium by the �rm with n1 workers already hired must be no greater
than ŵ. Sincen0, n1, and ŵ were arbitrary, the result follows.

Proof of Lemma 5. First, observe that if some �rm with m1 workers already hired is at
some wagew indi�erent between hiring k workers or k + 1 workers, then another �rm
with m2 workers already hired will be indi�erent between hiring k + m2 � m1 workers or
k + m2 � m1 + 1 workers (whenever k + m2 > m1). Thus the wages at which the isopro�t
locus is discontinuous do not depend on the number of workerspreviously hired by the
�rm. Therefore, to establish the result, it su�ces to establ ish two facts. First, I show that
if attention is restricted to some wage interval (w1; w2) in which the �rm's hiring policy is
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constant, then single-crossing is satis�ed. Next, I show that at a wage w at which the �rm
is indi�erent about hiring an extra worker, the size of the ju mp in p in the isopro�t curve is
increasing in the number of workers already hired. An inductive argument then completes
the proof.

Suppose that w1 < w 2 and �m 2 N are such that wheneverw 2 (w1; w2), the marginal
value to the �rm of having an additional worker employed, �( l ) � �( l � 1), is positive for
l 6 �m and negative for l > �m. I �rst need to provide a simple expression for � (n; q; w) and
p(n; q), the pro�t of the �rm and the employment probability of the w orker when the queue
length is q and the posted wage isw.

Any �rm with n workers already employed will be willing to hire up to �m� n workers if it
has posted some wagew 2 (w1; w2). Therefore if the queue length it attracts in equilibrium
is q, then the �rm's pro�t function can be written

� (n; q; w) =
1X

l=0

[�( n + min f l; �m � ng) � w minf l; �m � ng] f (q; l): (77)

De�ne � : N ! R+ to be the marginal product, given by � (m) = �( m) � �( m � 1).
Then writing �( n + l) = �( n) +

P n+ l
� = n+1 � (� ) and reversing the order of summation, I can

rewrite (77) as

� (n; q; w) = �( n) +
�m� nX

l=1

[� (n + l) � �w ]g(q; l); (78)

or, using the inverse function notation introduced in the text,

~� (n; p; w) = �( n) +
�m� nX

l=1

[� (n + l) � �w ]g(q�m � n(p); l ) (79)

Next, the worker's employment probability is given by

p(n; q) =
1
q

1X

l=1

minf l; �m � ngf (q; l) =
1
q

�m� nX

l=1

g(q; l) (80)

According to the Poisson assumption,g(q; l) = 1 � e� q P l � 1
� =0 q� =� !. Hence, wherek = �m� n,

p(n; q) =
1
q

"

k � e� q
k� 1X

� =0

(k � � )q�

� !

#

=
1
q

"

k �

 
k+1X

� =0

q� (� 1)�

� !
+ O(qk+2 )

!  
k� 1X

� =0

(k � � )q�

� !

!#

: (81)

The product of the two summations in parentheses on the rightis a power series in which
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the constant term is k. For l 2 f 1; 2; : : : ; kg, the coe�cient on the term in ql is

lX

i =0

k � l + i
(l � i )!i !

(� 1)i = ( k � l )
lX

i =0

(� 1)i

(l � i )!i !
+

lX

i =0

(� 1)i

(l � i )!( i � 1)!

= ( k � l )(1 � 1)l � (1 � 1)l � 1

=

(
� 1 l = 1

0 1 < l 6 k;

where the second line follows from the binomial theorem. A similar calculation shows the
coe�cient on the qk+1 term is 1=(k + 1)! + ( k � (k + 1))(1 � 1)k+1 � (1 � 1)k = 1=(k + 1)!.
Thus

p(n; q) =
1
q

�
k � (k � q +

qk+1

(k + 1)!
+ O(qk+2 ))

�
= 1 �

qk

(k + 1)!
+ O(qk+1 ): (82)

For later use, note that sincep(n; q) is analytic in a neighborhood of q = 0, it follows from
the Lagrange inversion formula (Whittaker and Watson, 1927, x7.32) that I can write

q = ( k + 1)! 1=k(1 � p)1=k + O((1 � p)2=k): (83)

Also for later use, note that p �
P �m� n

l=1 gq(q; l) > 0 for all q > 0. To see this, di�erentiate
the functional form for g(q; l) to obtain gq(q; l) = e� qql � 1=(l � 1)!. Hence

q

 

p �
�m� nX

l=1

gq(q; l)

!

= k � e� q
k� 1X

� =0

(k � � )q�

� !
� qe� q

k� 1X

� =0

q�

� !

= k � e� q
kX

� =0

kq�

� !

= k � g(q; k + 1) > 0: (84)

Finally, from the functional form for gq(q; m) and the Taylor series for e� q, it follows that
for any l > 1,

P l
s=1 gq(q; s) =

P 1
s=0

(� 1)s qs

s! �
P l � 1

s=0
qs

s! . We know that e� qeq = 1, so
P 1

s=0
(� 1)s qs

s! �
P 1

s=0
qs

s! = 1. 39 It follows by comparing coe�cients that

lX

s=1

gq(q; s) = 1 �
ql

l !
+ O(ql+1 ): (85)

Next, the argument used to prove Theorem 3.1 in Athey, Milgrom, and Roberts (1998)
shows that to prove single-crossing, it su�ces to show that

~� p(n; p; w)
~� w(n; p; w)

is decreasing inn for �xed ( p; w) (subscripts denote partial derivatives). Using (79), it
follows that ~� p(n; p; w) =

P �m� n
l=1 [� (n + l) � �w ]gq(q; l) � d

dpq�m� n (p), and ~� w(n; p; w) =

� �
P �m� n

l=1 g(q�m� n(p); l ). To simplify further, use the rule for the derivative of an i nverse

39 The radius of convergence for all these power series is in�nite.
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function to see that d
dpq�m� n (p) = 1 = d

dqp �m� n (q), where q = q�m� n (p). From (80), it follows
that

d
dq

p �m� n (q) =
1
q

"
�m� nX

l=1

gq(q; l) �
1
q

�m� nX

l=1

g(q; l)

#

=
1
q

"
�m� nX

l=1

gq(q; l) � p

#

:

It follows that

~� p(n; p; w)
~� w(n; p; w)

=
P �m� n

l=1 [� (n + l) � �w ]gq(q; l)
1
q

� P �m� n
l=1 gq(q; l) � p

� �
1

� �
P �m� n

l=1 g(q; l)

=
1
�

P �m� n
l=1 [� (n + l) � �w ]gq(q; l)

p
�
p �

P �m� n
l=1 gq(q; l)

� :

using the expression forp from (80), together with (84) to assure that the denominator
is positive. Now, since � is concave, � is decreasing, and by assumption,� (n + l) � �w
is nonnegative for all l 6 �m � n. The space of all decreasing nonnegative functions on
f 1; 2; : : : ; �m � ng is a cone spanned by the indicator functions1(l 6 1), 1(l 6 2), . . . ,
1(l 6 �m � n), so it su�ces to establish the result when � (�) � �w takes the form of one of
these functions. It therefore su�ces to show that

T(s; n) �
P s� n

l=1 gq(q; l)

p �
P �m� n

l=1 gq(q; l)
=

P s� n
l=1 gq(q�m� n (p); l )

p �
P �m� n

l=1 gq(q�m� n (p); l )

is increasing in n for each s 2 f n + 1 ; n + 2 ; : : : ; �mg and for p �xed. However, it follows
from (83) and (85) that

T(s; n) =
1 � ( �m� n+1)!

s� n
�m � n

(s� n)! (1 � p)
s� n
�m � n + O((1 � p)

s� n +1
�m � n )

p �
h
1 � ( �m � n + 1)(1 � p) + O((1 � p)1+ 1

�m � n )
i

=
1

�m � n
�
�

1
1 � p

+ O((1 � p)
s� �m
�m � n )

�
:

This is increasing in n for p < 1 su�ciently large. The precise bound depends on �m, but a
uniform bound may be obtained by taking the maximum bound as �m varies. The set over
which �m varies can be taken as �nite since limm!1 � (m) = 0 by assumption; moreover, no
wage less than the equilibrium per period value of being an unemployed worker,U, will be
posted in equilibrium, so �m 6 maxf m j � (m) � U > 0g.

To complete the proof of Lemma 5, I also need to show that at a wage w at which the
�rm is indi�erent about hiring an extra worker, the length of the horizontal segment in the
isopro�t curve is increasing in the number of workers already hired. Since the horizontal
segment is part of the isopro�t curve, the queue lengthq does not change along this segment.
It therefore su�ces to show that for p < 1 su�ciently large and n1 > n 2, if q;q̂ > 0 are such
that p = p �m� n1 (q) = p �m� n2 (q̂), then p �m� n1 � 1(q) < p �m� n2 � 1(q̂). To save notation, write
k1 = �m � n1 and k2 = �m � n2, and observe that k1 < k 2.

From (83) it follows that

q = ( k1 + 1)!
1

k 1 (1 � p)
1

k 1 + O
�

(1 � p)
2

k 1

�
:

63



Composing this with (82) implies that

pk1 � 1(q) = 1 �
(k1 + 1)!

k 1 � 1
k 1

k1!
(1 � p)

k 1 � 1
k 1 + O(1 � p):

Similarly,

pk2 � 1(q) = 1 �
(k2 + 1)!

k 2 � 1
k 2

k2!
(1 � p)

k 2 � 1
k 2 + O(1 � p):

Sincek1 < k 2, it follows that k1 � 1
k1

< k2 � 1
k2

. Thus (1 � p)
k 2 � 1

k 2 = o((1 � p)
k 1 � 1

k 1 ) as p ! 1, so
that for p < 1 su�ciently large, pk1 � 1(q) < p k2 � 1(q) as desired.

To complete the proof that ~� satis�es single-crossing, formally I need to show that
~� (n; p; w) is non-increasing in p and strictly decreasing in w, and if whenever n0 < n 1,
0 < w; w 0 and p; p0; p1 2 (0; 1) are such that ~� (n0; p; w) = ~� (n0; p0; w0) and ~� (n1; p; w) =
~� (n1; p1; w0), then if w < w 0, then p0 > p 1 and if w > w 0, then p0 < p 1. The �rst two
properties are easy to check. Therefore, supposen0 < n 1, and choosew > 0. Denote the
sequence of wages greater thanw at which the �rm is indi�erent about hiring an additional
worker by w1 < w 2 < : : : .

First suppose that w0 > w is su�ciently small that both w and w0 lie in an interval in
which the �rm's hiring policy is constant (that is, w < w 0 6 w1). If p; p0; p1 2 (0; 1) are
such that ~� (n0; p; w) = ~� (n0; p0; w0) and ~� (n1; p; w) = ~� (n1; p1; w0), then it follows by the
single-crossing result already shown in this case thatp0 > p 1.

Now suppose for somen > 1 that whenever w0 6 wn and p; p0; p1 2 (0; 1) are such that
~� (n0; p; w) = ~� (n0; p0; w0) and ~� (n1; p; w) = ~� (n1; p1; w0), then p0 > p 1. Then I can choose
p̂0 > p̂1 such that ~� (n0; p; w) = ~� (n0; p̂0; wn ) and ~� (n1; p; w) = ~� (n1; p̂1; wn ). As the wage
increases fromwn to w0, there is �rst a discontinuity in the two isopro�t curves whe n the
wage equalswn . Chose �p0 so that lim ! ! w+

n
~� (n0; �p0; ! ) = ~� (n0; p; w), and choose �p1 so that

lim ! ! w+
n

~� (n1; �p1; ! ) = ~� (n1; p̂0; wn ). I showed above that the size of the discontinuity in
the isopro�t curves is increasing in n; therefore �p0 > �p1.

Next, ~� satis�es single-crossing on the interval (wn ; w0) in which the �rm's hiring policy
does not change as the wage changes. Hence ifp0 and s are chosen such that ~� (n0; p0; w0) =
~� (n0; p; w) and ~� (n1; s; w0) = lim ! ! w+

n
~� (n1; �p0; ! ), then p0 < s . Since ~� is non-increasing

in the worker's probability of being hired, it follows that ~� (n1; p; w) = ~� (n1; p̂1; wn ) >
~� (n1; p̂0; wn ) = lim ! ! w+

n
~� (n1; �p1; ! ) > lim ! ! w+

n
~� (n1; �p0; ! ) = ~� (n1; s; w0). Thus if p1 is

chosen so that ~� (n1; p1; w0) = ~� (n1; p; w), then p1 < s . It follows that p1 < p 0.
Sincew0 2 (wn ; wn+1 ] was arbitrary, and then sincen 2 N was arbitrary, this completes

the proof by mathematical induction. This also completes the proof of Lemma 5.

Proof of Theorem 3. Since the queueing friction is Poisson and the production function x is
concave, it follows as in the proof of Example 1 thatq 7!

P 1
l=0 x(m+ l)f (q; l) is concave, and

therefore, using the standard contraction mapping argument, the value function of the �rm
� is also concave. Sincex is bounded, it also follows that limm!1 �( m) � �( m � 1) = 0. It
therefore follows from Lemma 5 that there is a �p < 1 such that the pro�t function ~� (n; p; w)
satis�es single-crossing. Note from the proof of that Lemmathat the bound �p depends only
on the maximum number of workers �m that would be employed by the �rm in equilibrium,
and does not depend on the value function � in any other way. Moreover, the bound �p
decreases weakly as �m decreases. Now as the entry costc > 0 decreases, it is not di�cult
to check that the number of �rms entering increases and the value of being an unemployed
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worker, U, increases. In particular, it follows that as c decreases, also �m decreases, while
the probability with which workers �nd a job at any wage poste d in equilibrium converges
to 1. Thus over the set of (p; w) that arise in equilibrium, ~� satis�es single-crossing. The
claim then follows from Lemma 4.
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