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1 Intro duction

A rent-seeking corntest is a situation in which players expend costly e ort
to gain a reward. Many con ict situations can be described by rent-seeking
conests, including political campaigns,patert races,war ghting, lobbying
e orts, labor market competition, legal battles, and professionalsports. The
reward in a rent-seekingcornest may be indivisible, sud as electoral o ce
or a patert right, or it may be divisible, such as market shareor vote share.
In the former case,expending more e ort increasesthe probability that a
player will win the prize. In the latter case,expending more e ort increases
the shareof the prize.

An important vehiclefor investigating the logic of rent-seekingcornestsis
the model of Tullock (1980). This work hasspavned a large literature, some
of which is surveyed in Lockard and Tullock (2001) and Corchon (2007). In
this paper, we cortribute to this literature by deweloping a model of rent-
seekingcortestsin which playershave incompleteinformation about the cost
of e ort to other players. That is, players are uncertain about the value of
others for expendinge ort. *

We considerrent-seekingcortests with two playersthat eat have private
information about their own cost of e ort. We model such a cortest as
Bayesiangamein which ead player's costis drawn from a distribution of
possible costs. We considerboth discrete and cortinuous distributions of
costs and give results for ead case. We focus on existenceof equilibria,
which, in the cortinuous case,requiresthe useof a functional analysis xed
point argumert.

The focus on rent-seeking cortests with two-sided incomplete informa-
tion and cortinuous cost distributions is what sets this paper apart from
other papers that considerasymmetric information in cortests. For exam-

11t is important to distinguish this informational type of uncertainty from the uncer-
tainty due to risk aversionthat has beenexaminedin the literature (Hillman and Katz,
1984;Van Long and Vousden,1987).



ple, Harstad (1995) looks at a model with asymmetrically informed agerts,
but in the context of a winner-take-all game. Hurley and Shogren(1998b)
and Sdoonbeekand Winkel (2006) both considermodelswith one-sidedin-
complete information, while Hurley and Shogren(1998a) and Malueg and
Yates (2004) presert modelswith two-sidedincompleteinformation in which
both players' valuations are either high or low. Additionally, recen work
on existenceof equilibria in rent-seekingcornests includes Cornesand Hart-
ley (2005) and Malueg and Yates (2006), but thesepapers assumecomplete
information. Bernardo et al. (2000) enbed a rent-seekingcornest with one-
sidedincompleteinformation in a moral hazard model of litigation. Finally,
Warneryd (2003) gives a Bayesianmodel of rent-seeking cortests in which
there is asymmetric information about the common value of the prize. Al-
though we deal with the private value caseof individual costof e ort, some
of the techniquesof analysisare similar.

The paper is organizedin the following fashion. The next sectioncortains
the de nitions and notation of the model, aswell asa summary of the results
for the complete information setting. In section 3, we examine a simple
exampleof incompleteinformation in which ead player hasonly two possible
costsof eort. We explicitly solve for the equilibrium and provide some
comparative statics. In section 4, we consider the cortinuous case, with
a uniform distribution of possiblecosts. The main result is an existence
proof. We also graphically presert a numerical estimate of the equilibrium
and provide somecomparative statics and properties for this case. Finally,
section5 concludes.

2 Notation and De nitions

We model a rent-seeking cortest as a game betweentwo players who must
choosea level of costly e ort to obtain a shareof a prize. Each player chooses
alevelofeort ¢ Ofori= 1;2. The e ort level of both playersis denoted



e = (e;&). The eort levels chosenby the players determine a portion
fi(e) 2 [0; 1] for player i. We interpret a \p ortion" in one of two ways |
either as a fraction of a divisible good or as the probability of receiving a
nondivisible good. By the expectedutilit y theorem,theseinterpretations are
mathematically equivalert if both players are risk neutral.? We assumethat
the benet a player receiwesis linear in the player's portion and the costa
player pays is linear in e ort. That is, there are constarts ;, i, i, and ;
with ; > 0Oand ; > 0, sud that player i's expectedutilit y is

u(e = i+ ifi(e (i+ e):

Without lossof generality, we cantake i = 0. Likewise,we can divide
by i, which gives
u(e) = fi(e) e

|

To operationalize the analysis, we specify the following functional form for
fi(e):
“ ga—P if P >0

fi(e) = . 9 9

- 1=2 otherwise.

This functional form is commonin the literature (Tullock, 1980;Nitzan, 1991,
Szidarossky and Okugudi, 1997) and is a simple form of the cortest suc-
cessfunctions axiomatized by Skaperdas(1996) and Clark and Riis (1998)3
Letting ¢ = = i, the expectedutilit y for playeri is

ui(e) = % ec;

J

unlesse = 0, in which caseu;(e) = 0. By de ning ¢ in this way, we include
the casein which the individuals' valuations of the prize (the ; term) dier

2This is not true if the player are risk averse (Hillman and Katz, 1984;Van Long and
Vousden,1987).
3In fact, our results do not depend on the value of f;(e) at e = (0;0).



(Hillman and Riley, 1989).

If both playershave completeinformation about all aspects of the game,
the equilibrium of this gameis easily found (and well known). If the players
have the samecostof e ort, ¢, then the rst order condition for player i is

(l% =cC: (2)

As this must hold for both players, it clearthat, in equilibrium, e; = &%
Substituting this badk into equation (1) givesthe solution e; = e, = 1=(4¢)
in equilibrium. As both players would be strictly better o by choosing
e; = & = 0, this equilibrium solution is ine cen t, again, a standard result.

Building on this complete information setup, in this paper we model a
cortest as a gameof incomplete information in which players are uncertain
about the other's costof e ort. ° In the sectionsthat follow, we considerboth
the discreteand cortinuous cases.We introduce somegeneralnotation here
and give precisedetails in the later sections.

We supposethat ead player's costis drawn independerily from a distri-
bution G(c) beforethe gameis played. G(c) may be discreteor cortinuous
and we denotethe support of Gby C R, . Ead player's own costis private
information and thus G represets the players’' commonprior of the type of
the other, where we identify the type of a player with their cost. A (pure)
strategy for player i is a function ; : C! R.. In other words, a player i
with costc choosesan e ort level g = ().

The equilibrium concept we use for this simultaneous Bayesian game
is Bayesian-Nashequilibrium. Speci cally, a strategy prole ( ;; ,) is a
Bayesian-Nashequilibrium if, for every c; 2 C,

z Z

Cul( 1(€1); 2(0)) dG(o) Cul( 2(c); 2(0)) dG(c)

41t is easyto ched that e > 0 holds for both playersin equilibrium.
5SeeGradstein (1995) for a model with variable e ort e ectiv enessinstead of variable
costs.



forevery 2, andsimilarly for player 2. Werestrict our attention to symmetric
equilibria. Theseare equilibria in which players of the sametype take the
sameaction. In our setting, a symmetric Bayesian-Nashequilibrium satis es

1= 2~

3 Results: Discrete Case

In this section, we analyze the simplest possible formulation of this game
of incomplete information; namely, the discrete casewith only two types
for ead player. This simple formulation of uncertainty has beenpreviously
examined by Hurley and Shogren(1998a) and Malueg and Yates (2004).
In particular, we assumethat C = fc_;cqg, with ¢4 > ¢ > 0, and that
eadh player i (independerily) draws costc¢ = c¢. with probability 1=2 and
draws cost ¢ = ¢y with probability 1=2. Thus, a (Symmetric) strategy is a
function :C! R.. Asthe domain of this function hasonly two elemerts,
it is sucient to considertwo values,e. and ey, dened by e. = (c.) and
en = (Cn)
The rst order condition is given by

1 eH 1 e

(é)m"‘ (E)m: G: (2)

When ¢ = ¢, § = e must satisfy this condition. This gives

ey 1
@+a)t " e ©)

Likewise,whenc = ¢y, & = ey must satisfy the rst order condition,® so

1 N e
4oy (&L + ey)?

61t is easyto shaw that e and eq must both be positive.

= 2C4: (4)




Manipulating equations3 and 4 gives

de ey + (6L + €4)% = 20, (4eL) (e + ey)? (5)

and
(6L + )’ + deqe. = 204 (4eq) (e + ey)™ (6)

From equations(5) and (6), it is clearthat c_. e = cyeq must hold. Equiv-

alertly, we must have
In other words, the ratio of the equilibrium e ort levels must be the inverse
of the ratio of the costs! Plugginge; = & (c.=g;) into equation (5) yields

4 rar ey

8L (1+ &)

(8)

and thus by equation (7),

2
RIS

8cu(1+ )2

e = 9)
To summarize,in this simplediscretecase,a unique (symmetric) equilibrium
exists.

We now turn to analyzing the comparative statics of this case. It is
straightforward but tedious to showv that @ =@_ < 0. Thus, holding the
high cost constant, increasingthe low costdecreaseshe e ort level of a low
type. Perhapsa moreinteresting comparative static is the casein which both
costschangein sud a way that g—; Is held constart. Then it is immediate
from equations(8) and (9) that the e ort levelsof both typesof player change
by an inverseamourt. Thus, whenboth costsare doubled, for example,the
e ort levels of both typesof player decreaseby half.

’SeeMalueg and Yates (2004) for a similar result.



Finally, considerwhat happensto the equilibrium asc_ corvergesto ¢ .
From equation (7), it is clearthat e goesto ey asc. goesto c4. Moreover,
if ¢ and ¢y corvergeto somevaluec, then e, and e must corvergeto 1=4c,
which is the solution to the completeinformation versionof the model.

4 Results: Contin uous Case

In this sectionwe prove existenceand numerically analyzethe equilibrium
for the caseof a cortinuousdistribution of costs. By consideringthe casein
which ead player has a cortinuum of possibletypes, we allow for a much
richer and more general speci cation of uncertainty than previous models
which consideronly two possibletypes of ead player, sud as Hurley and
Shogren(1998a)and Malueg and Yates (2004).

For simplicity, we supposethat ead player's cost ¢; is drawn indepen-
dertly from a uniform distribution on an interval of length one, that is
G(c) Ulc,c+ 1], with ¢ > 0 and C = [c,c+ 1]. With this assump-
tion, the expectedutilit y for player i with costc;, whenthe opponert plays
strategy , is given by

Z

u(e; ;c)= ec+ @

Becauseplayer i can guarartee a payo of at least zero by setting ¢ = 0,
the optimal choice of & must satisfy ui(e; ;) Oforall ¢ 2 C. Asthe
integral in equation (10) is boundedby 1, this impliesthat the optimal choice
of & must satisfy0 ¢ 1=g. On the interval C = [c;c+ 1], then, an
optimal choiceof ¢ must satisfy0 e  1=c. We denotethis upper bound
by E = 1=c.

A player with costc; facesan optimization problem of maximizing equa-
tion (10) subjectto ¢ 0. The Kuhn-Tucker conditions for a given value of



¢ are the following:

Z
G + ZCﬁdt: 0 for e > 0, and (1)
t
C + Cﬁdt 0 fore = 0. (12)

Examining the integral in equation(11), it is clearthat it is strictly decreasing
in g and goesto zeroas e getslarge. Thus, it follows that this rst order
condition is satis ed by exactly onevalue of g. A bestresponsefor player i
to , which we denoteb (c) or b(c), is preciselythe value of g that satis es
the rst order condition with costc. Thus, the best responsefunction b (c)
is well-de ned, nonnegati\e, and decreasingn c.® In addition, it is an easy
consequencef the implicit function theoremthat the bestresponsefunction
IS cortinuous.

We now presert the main result of this section|that a equilibrium exists
in our model.

Theorem 1 If G(¢g) UJc;c+ 1], withc> O, for i = 1;2, thena symmetric
pure strategy Bayesian-Nashequilibrium exists.

The proof of this theoremis cortained in the appendix. As is standard,
the method of proof of existenceisto nd a xed point of the bestresponse
mapping. Howeer, this mappingis de ned on a subsetof a spaceof functions
which, like most sudh sets, is not compact (under the standard sup norm).
Thereforewe usean alternative approad). We have already establishedthat
the best responsefunctions are monotoneand cortinuous. In the appendix,
we shaw that the set of best responsefunctions is equicortinuous and that
the operator that mapsthe opponert's strategy into a bestresponsefunction
is cortinuous. This allows us to establish existenceusing Scdauder's Fixed
Point Theorem. This approad is more exible than a cortraction mapping

8In fact, it is clear that b(c) is strictly decreasingfor valuesof ¢ with I(c) > 0.
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Figure 1. Numericalsolutionand compaisonto completeinformation

argumert (which only requirescompleteness)but it doesnot insure unique-
nessof the xed point. We conjecturethat the equilibrium to the model is,
in fact, unique, but leave a proof for future work.

Theorem 1 shows that an equilibrium exists. To nd a closed-formso-
lution for it, we must solve the integral equation given in equation (11) for
all c2 C. One approat to accomplishthis is by working with the inverse
of the solution, which transforms the integral equation from nonlinear into
linear form, but suc an approad appearsto be intractable in this case.
On the other hand, it is possibleto numerically calculate a solution by a
standard iterative method. For the caseof ¢ = :01, the numerical solution is
shown in Figure 1. In the gure, the horizontal axis is the costvalue drawn
by a player and the vertical axis is the equilibrium e ort expended. The
numerical solution is given by the solid line in the gure. This solution was
calculated numerically over a grid of 100 elemernts and thus the gure is a
good approximation of the true equilibrium strategy.

Figure 1 alsoillustrates how the equilibrium e ort level underincomplete
information comparego the e ort level of the completeinformation symmet-
ric gamefrom section2. Under completeinformation, the equilibrium e ort
level is g = 1=(4c), which is indicated by the dashedline in Figure 1. It is
interesting to obsene that the two functions are qualitatively similar, but



the incompleteinformation strategy always calls for slightly lesse ort than
the completeinformation version? This result echoes an earlier nding by
Hurley and Shogren(1998a)that, in a model in which ead player could have
either a high or low valuation of the prize, asymmetricinformation makesef-
fort morerisky, which tendsto decreasee ort levels. Figure 1 illustrates that
this e ect carriesover to a model in which both playershave a cortinuum of
possibletypes.

Finally, inspection of Figure 1 shows that both playersalways exert posi-
tive e ort in equilibrium. In fact, this is true for any symmetric equilibrium
of this game. To seethis, supposethat there is a symmetric equilibrium
in which a non-zerointerval of costsgives zero e ort. Let the probability
that sudt a costis realizedbe py > 0. If this occurs, the other player can
gain the prize with certainty by exerting an arbitrarily small amourt of ef-
fort. In particular, a level of e ort that satises 0 < e < pp=G yields a
gain in expected utilit y. With this choice of e ort at cost ¢;, a player does
strictly better than with e = 0. Thus, there can be no interval of costsfor
which zeroe ort is optimal in a symmetric equilibrium. Moreover, a similar
argumert shaws that this result continuesto hold in any symmetric equilib-
rium of a gamewith n > 2 players!® This conclusiondi ers from work on
ertry in complete information rent-seeking cortests in which some players
choosenot to participate by choosing zero e ort (Gradstein, 1995; Higgins
et al., 1985) Howewer, sud situations under complete information can
occur only in \asymmetric" contests in which players have di erent valua-
tions. Our nding that playersalways exert positive e ort under incomplete
information appliesto symmetric equilibria of a symmetric model (i.e., all
players have an identical cost distribution). Thus, even though players can

90f course, the dashedline is not a strategy in the sameway that the solid line is, but
rather describesequilibrium e ort asthe cost of e ort in the complete information game
is varied.

10The only modi cation required in the above argumert is that the level of e ort must
satisfy 0< e < pj 1=g in a gamewith n players.

11But seeWarneryd (2006) for a similar result in a model with asymmetric information.
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have di erent realizedcostsin our model, they are idertical ex ante. These
di erencesin the symmetry of the models suggestthat caution is warranted
in making comparisonsbetweenthem.

5 Conclusion

In this paper, we have examinedrent-seekingconests under various forms of
incomplete information. The analysisof these models has beencomplexin
places,but we have gainedsomeinsight into the role that information plays
in this classof games.Our main result is a proof of existenceof equilibrium
when costsare drawn from a cortinuous distribution.

Much work remainsto be donein this vein, particulary for the continu-
ous case. First, the model can be made more generalby allowing for more
generaldistributions of costsand more than two players. Fortunately, it ap-
pearsthat in both cases;the line of proof given in the appendix should go
through with only minor modi cations. Howewer, numerical calculation of
the result would be more di cult. A secondline of work involvesgeneraliz-
ing the cortest successunction f;(e). It is likely this will be a more di cult
task to accomplish. Another aspect of the problem that remains open is
an examination of e ciency in the continuous case.Direct comparisonwith
the completeinformation equilibrium demonstratesthat ine ciency is still
prevalert, but more work in this arearemainsto be done. Finally, we have
restricted our attention to symmetric equilibria in this paper. Future work
that considersasymmetricequilibria in this model and/or asymmetricmodels
of rent-seekingcornests may be illuminating and ultimately more realistic.

11



6 App endix: Pro of of Existence

Theorem If G(¢g) Ujc,c+ 1], with ¢> 0, fori = 1;2, then a symmetric
Bayesian-Nashequilibrium exists.

Proof: Let C[a;b] bethe spaceof all real cortinuousfunctions on the interval
[a;b]. Equipped with the sup norm, kf (X)k = sup, a1y f (X) ], this spaceis
a Banad space. We are interested in the set of nonnegative cortinuous
functions on the interval C = [c;c+ 1] boundedby E = 1=c. Formally, de ne

Celcic+ 1]=ff 2 Clc;c+ 1]jkfk E andf(x) 0O;x2[cc+ 1]g: (13)

Clearly, this is a closed,corvex subsetof C[c;c+ 1].12

For a given function 2 Cg, let the best responsefunction b (c) be as
de ned above. As b (c¢) is bounded by E and is cortinuous, b (¢) 2 Cg.
Thereforewe candene T : Cg ! Cg to bethe mapping 7! b. Asthe
best responsefunction is unique, this mappingis a function. An equilibrium
isa xed point of this function, =T

BecauseCg is not compactwith the sup norm, we rely on a xed point
theoremfor compactoperators. An operator S: X ! Y, X andY Banadth
spacesjs compactif it is cortinuous and maps boundedsetsinto relatively
compact sets!® We can now state the Scauder Fixed Point Theorem, a
useful discussionof which is found in Zeidler (1986).

Theorem (Schauder) Let X beanonempty, closed,bounded,corvex sub-
set of a Banad spaceand supposeS : X ! X is a compactoperator. Then
Shasa xed point.

In order to establishthat T is a compact operator, the characterization of
relative compactnessn the spaceof cortin uousfunctions givenby the Arzela-

12For simplicity, in what follows we exclude from this set the constart zero function.
Excluding this element would mean this set is not closed. This issuecan be resolved by
consideringa sequenceof subsetsof Cg requiring kf k ", with "I 0.

13A setis relatively compact if its closureis compact.
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Ascoli Theoremis very useful. This theorem usesthe following two de ni-
tions. A setof (real-valued)functions F is equicortinuouson the interval C if
forevery” > Othereisa > Osudithat jx yj< impliesjf(x) f(y)j<"
forallf 2 F andall x;y 2 C. A setof (real-valued) functions F is uniformly
boundedon the interval C if thereisavalueM < 1 sudithat jf(x)] M
forallf 2 F andall x 2 C.

Theorem (Arzel a-Ascoli) A setoffunctionsin C[a;b], with the supnorm,
is relatively compactif and only if it is uniformly boundedand equicortinuous
on [a; .

Clearly Cg is uniformly bounded, soto establish our result we must shov
that T is cortinuousand has equicoriinuousrange.

We rst show that the range of T is a set of equicortinuous functions.
From the rst order condition, we have

Z Z
O 4 ®

#C (o(cy) + (1))2 c (b(c) + (1)?
_ (t) (t) dt
#C (o(c) + 1))z (b(c) + (1)2
_ 0 (b(c) + (1) (blcy) + (1))?
#C (o(cy) +  (1))2(b(c) + (1)
b(c) () + 2 (t)(b(c) blc))

c. G dt

dt

c VT g O 2 O
_ u02) + ucl)'i' 2 (t)
SN M) Oeys e e @7 "
- e o 0 ble) + () + be)+ (1)

g (b)) + ()*(bc)+ (1)?

i (t)
= be) bcy) c (b(c) + (D)) (b(c) + (1))2
(t) dt :

T+ ()HHc) + (1)

The two integrals on this last line are both positive. Using the rst order

13



condition and the fact that b(c) and (t) are both boundedby E, we have

V4 Z

(t) (t) o
c )T OB OF " EM+ @t '

A similar argumen shows that the secondintegral in the expressionabove
is boundedbelow by ¢;=2E. Taking absolutevalues,we have

2 C C

. . . G . .
ja  Cj jh(c)  blci)] E + E > jb(c)  b(cy)] E (15)
Now, x "> Oandlet = "(c=E). Thenjc; ¢ < impliesjb(c,)

b(c,) j(c=E) < "(c=E) or jb(c,) b(c))j < ". As this holds for all best
responsefunctions and all ¢;; ¢, 2 C, this establishesequicortin uity.

We now show that the operator T is cortinuous. In other words, if !
andb =T p,andb =T ,thenb_ ! b . Convergencan afunction space
with the sup norm is equivalert to uniform corvergence,so we must show

b . corvergesuniformly to b . Sotake a sequence , ! and a point c2 C.
The rst order condition yields
Z Z
n(t) o (t) :

c®.0+ 2" by @t @

And thus
£ O w-o
7 c(b,(@+ ()2 (b(+ (1)?
(@ +2b (0 ()+ (1) O (+2b,(c) a(t)+ Z(1) dt= 0

e (b,(@+ ()b (0+ ()2

n(OFP(© (O (9+2 (1) n()(b () b, ()+ (1) () (1) ()
c (b,(@+ ()b (+ (1)?

We can rewrite the rst two terms in the numerator as

dt= O:

(O OF (9= (OF(@) O+ OF@©  OF (0

14



=@ () O+ OF(@© ()
=@ o) @O+ O ©+b,(@)b() b,(c):

This gives

z O (©+b,(O)b( b,()+2(1) t)b() b, ,
c 5 (b,(©+ ()b (0+ (1)?
@A) )+ @) oM O o)
c (b, (9 + ()b (+ (V)2

Setting D = (b, (0) + W(t)%(b () + (1)2, we have
Z
b(© b( _DNEO+b.)+2 MO 4

¢ Z D Z
e O PR OGO R )
C

D c D

dt= 0

Taking the absolutevalue of both sidesand noting that the integral on the
left side of the equationis positive, we have

ib(© b (9] (t)(b (c) + b () + 2 (t) n(t) "

¢ z b z
_ () M OCat) ) o .
= () e z dt ;
and so
Z
c z b z
z° b z° b
() n(0)] (M ) O W] .
(c) e 5 dt:

Now, for a given ", choosen large enoughthat j (t) a(t)j < . This

15



means

O ©+b,©) 4, ,° © a0,

. . N
jb(© b,(0] ) 5 dt 2C 5
15 ma
E>  Zdt+" ———dt
cD c D
Dividing both sidesb R M O gt yield
Ividing both sidesby . —5— dt ylelds
. _ RC (O @b, (<) dt# EZRC%dt #
ib(© b,(Q] 2+ =R G I+ R g
C D n C FE) #
E2 . 2dt

0@ b.@F 5 1Ry

The nal stepis to establishboundsfor D. It is clearthat ( ,(t) (t))?
D (E+ »(t)%E+ ()2 Usingthesebounds,we arrive at

" EZR 1 dt#
, , CHE+ n()%(E+ (V)2
jb (9 b, (9] > 1+ A OIETCHP™

n R C ( n(t) (t)) #

" 2 1
_ 1+ E C i+ n()?(E+ (1)° dt

dt

1
C () (V)

The right hand side of this inequality doesnot depend on c. This demon-
stratesthat b, convergesuniformly to b . We concludethat the mapping T
is cortinuous. All of the conditions of the Schauder Fixed Point Theoremare
satis ed, soT hasa xed point. This provesexistenceof an equilibrium. N
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